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Abstract. We prove a version of Gromov's compactness theorem for pseudo- 
holomorphic curves which holds locally in the target symplectic manifold. This 
result applies to sequences of curves with an unbounded number of free bound- 
ary components, and in families of degenerating target manifolds which have 
unbounded geometry (e.g. no uniform energy threshold). Core elements of 
the proof regard curves as submanifolds (rather than maps) and then adapt 
methods from the theory of minimal surfaces. 
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1. Introduction 

In his seminal 1985 paper 5 ], Gromov introduced the notion of a "pseudo- 
holomorphic curve" and established the fundamental notion of compactness for 
families of such J-curves. Since then, the majority of modern proofs of Gromov's 
compactness theorem (and its generalizations) have all followed the same basic 
recipe, namely to study J-curves as a type of special harmonic map. This essen- 
tially reduces the compactness problem to applying Deligne-Mumford compactness 
to the underlying Riemann surfaces and then applying bubbling analysis. How- 
ever, there are a growing number of examples in which this approach badly breaks 
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down - for instance, J-curves in a family of symplectic manifolds which lacks a uni- 
form energy threshold, or sequences of J-curves with bounded area but unbounded 
topology. Such a case was considered in the author's Ph.D. thesis [I], in which a 
compactness result was proved for J-curves in the connected sum of two contact 
manifolds for which the connecting handle collapsed to a point. More generally, 
the author is interested in studying J-curves in symplectic cobordisms between 
non-compact and/or degenerate contact manifolds (i.e. manifolds for which the 
contact form vanishes along a submanifold) . Additionally, the author is analyzing 
the behavior of contact homology under subcritical surgeries, and attempting to 
develop a more general "sideways stretching" operation in Symplectic Field The- 
ory. A key difficulty which is common in each of these research directions is the lack 
of a uniform energy threshold. The lack of this quantity is so fundamental that it 
necessitates an alternate approach to the compactness problem: namely, to regard 
J-curves as submanifolds, and then by incorporating elements from minimal surface 
theory to prove a compactness result which holds locally in the target. Indeed, in 
this article and [3], the author takes precisely this approach; the main arguments 
for this target-local version of Gromov compactness are provided here, and the au- 
thor develops supporting analysis for these arguments in [3]. In successive papers, 
the author will extend the following results to some non-compact cases, and refine 
the notion of Gromov compactness near nodes and critical points. 

1.1. Statement of main result. The main result of this article is Theorem 13.11 
from Section [3l We state a simplified version (in fact an immediate corollary) as 
Theorem A below. 

Theorem A. Let (M, J, g) be a compact almost Hermitiai^ manifold with bound- 
ary. Let (Jfe,(?fe) be a sequence of almost Hermitian structures which converge to 
{J,g) in C°°{M), and let (uk, Sk, jk, Jk) be a sequence of compact Jk-curves (pos- 
sibly disconnected, but having no constant components ) satisfying the following: 

(1) u k : dS k -> dM, 

(2) kre &ul9k {S k )<C A , 

(3) Genus(S fc ) < C G . 

Then there exists a subsequence (still denoted with subscripts k) of the Uk, an e > 0, 
and an open dense set I C [0, e) with the following significance. For each S G X, 
define Sf. :— {( G Sk '■ dist„ (iik((), dM) > 5}; then the Jk-curves (uk, Sf., jk, Jk) 
converge in a Gromov senso 

Note that we have not assumed that the Uk(dSk) lie in a Lagrangian submanifold, 
and we have not assumed that the Sk have bounded topological type. Indeed, the 
number of connected components of either the dSk or the Sk may not be bounded. 
It is for this reason that the above result is significantly different from all other 
versions of Gromov compactness. 

To see the relevance of Theorem A, we shall consider its application in a couple of 
examples. Observe that in the case that M is closed, the above result only recovers 
the usual Gromov compactness theorem, however the strength the Theorem A 
becomes more apparent when considering target manifolds with rather arbitrary 



That is, for (M, J, g) we require that g is a Riemannian metric, and the almost complex 
structure J is an isometry. 

2 For a precise formulation of Gromov convergence, see Definition 12. 1 1 1 below. 
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smooth boundary. Furthermore, this latter scenario occurs quite naturally when 
considering closed symplcctic manifolds for which the almost complex structure 
degenerates in a small region. We explore such a case at present. 

Example 1. Consider a closed symplcctic manifold (M, w), fix p G M, and 
let $ : 0(p) — > R 2n be Darboux coordinates around p. Locally define the complex 
structure J near p by Jd x i = d y t , and let M be the manifold obtained by performing 
a J-complex blowup at p. Recall that M can be equipped with a family of closed 
two-forms w £ which are symplectic for e > 0. Furthermore the w £ -volume of the 
divisor T> C M tends to zero as e does, and the w £ converge in Cf£ c (M \ T>) to ojq 
which has the property that (M \ V,uj ) and (M \ {p},uj) are symplectomorphic. 
In other words, we have performed symplectic blowups of weight e at p. Lastly, 
equip M with a family J £ of w £ -compatiblc almost complex structures which also 
converge in C^ C (M\V). We now consider the following question: given a sequence 
€k — > and a sequence of pseudo-holomorphic curves Uk ■ (§ 2 ,i) — > (M,J Ck ) with 
uniformly bounded oj ek -energy, does there exist a subsequence which converges in 
a reasonable sense (e.g. in a Gromov sense)? 

There are some obvious tricks if the J £ are integrable in a neighborhood of V or 
if the Mfe(S 2 ) have empty intersection with T>, however answering the more general 
question is non-trivial. Indeed, one key point here is that by construction, this 
family of symplectic forms and almost complex structures lacks a uniform energy 
threshold. That is, as e — > 0, there exist symplectic spheres of arbitrarily small 
symplectic area. This is a serious problem since almost all proofs of Gromov com- 
pactness rely on an energy threshold in a critical way: energy thresholds guarantee 
that only finitely many bubbles develop in the limit. Indeed, a priori it might be the 
case that for the above example the gradient blows up at arbitrarily many points 
in§ 2 . 

Despite these difficulties, we see that the J £ converge in C^ C (M \ V) by con- 
struction, so it seems reasonable that the portion of the J £fc -curves which have 
image in the complement of a neighborhood of V should converge in a reasonable 
sense. Thus a natural attempt to prove some sort of compactness would be to fix 
a neighborhood U of V, and define the curves Uk ■ \ U) — > M, and attempt 

to prove Gromov convergence for a subsequence of these domain-restricted curves. 
The boon here is that M \ U is compact, it has a uniform energy threshold, and 
the J £ converge in C°°{M \ U). However one now faces a new problem, namely 
that the surfaces Sk ■= u' k l {M \ U) have no a priori bound on the number of 
connected components, nor an a priori bound on the number of boundary compo- 
nents. This is seriously problematic for standard proofs of Gromov compactness 
because a lack of a topology bound on the underlying Riemann surfaces precludes 
one from applying Deligne-Mumford compactness to the domain curves. This is in 
turn problematic because it is the Deligne-Mumford compactness (together with a 
uniformization theorem) which yields convenient reparameterizations of the given 
pseudo-holomorphic curves. 

It is at this point that we see the utility of Theorem A above. Indeed, it is not 
difficult to choose U so that M \ U and the u~^ l {M \ U) C Sk have the structures 
of compact manifolds with smooth boundary. Furthermore the restricted curves 
(uk,u^ 1 (M\U),jk, Je k ) certainly satisfy the hypotheses of Theorem A. We can then 
conclude that after passing to a subsequence, we have convergence of our pseudo- 
holomorphic curves "away from U D T>." Let us make this more precise. From the 
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above result, we can deduce the following: for each open set U D T>, there exists 
an open set V such that V C V C U, and there exists a subsequence of the above 
curves such that for Sk '■= u^" 1 (M\V), the domain-restricted curves (life, Sk, jk, Jt k ) 
converge in a Gromov sense. We now make two important observations. First, for 
these curves to Gromov-converge it must be the case that the {Sk,jk) converge in 
a Deligne-Mumford sense, which guarantees that the "trimmed" surfaces Sk have 
fixed topological type for all sufficiently large fc. The second important point is 
that even though we have "trimmed away" some portion of our original curves 
(itfc, Sk,jk, Je k ) to obtain convergence, we have only trimmed away portions of the 
curves which have image in the "small" region V C U. This latter point can be 
stated more concisely as Uk(Sk \ Sk) C V C U. 

Example 2. The previous example was somewhat simplistic, so we now con- 
sider a larger class of similar, but much more general, examples. Fix a symplectic 
manifold (M, w), and consider a compact embedded submanifold N C M with 
dim N < dim Af. Consider a sequence of almost complex structures Jk which con- 
verge in Cf£ c (M \ N) and which degenerate along N. Again, we ask if energy 
bounds and genus bounds for closed curves are sufficient to obtain a convergent 
subsequence, and again Theorem A guarantees convergence away from N for some 
subsequence. Also note that this example is significantly less artificial than the 
previous one since it contains both the contact-type neck-stretching construction 
from Symplectic Field Theory, as well as the degenerating symplectic-connected 
sums setup arising in the symplectic sum formula for Gromov- Witten invariants. 
Furthermore the condition that TV be a compact embedded sub-manifold is easily 
relaxed to the condition that N be a compact set of zero measure, so one expects 
Theorem A to play a role in a wide variety of degeneration problems in symplectic 
geometry. 

The above examples hopefully illuminate the flexibility and generality of The- 
orem A, so we now take a moment to point out certain things that it does not 
guarantee. Firstly note that that Theorem A makes no claims about curves with 
Lagrangian boundary condition, however in light of estimates proved in [3], it ap- 
pears that such a generalization is quite probable. Secondly, Theorem A does not 
guarantee convergence up to the boundary of M. Indeed, since the (it/., Sf,, jk, Jk) 
converge for each 5 £ X where X C [0,oo) is an open dense set in a neighborhood 
of 0, one is tempted to consider a sequence {5fe}feeN C X such that Sk — ► and 
then conclude from Theorem A that the subsequence (uk, S S k k ,jk, Jk) converges in 
a Gromov-sense, however in general this is false. Indeed, the key point is that after 
passing to the subsequence guaranteed by Theorem A, we find that for each fixed 
5 £ X the topological type of the Sf. is bounded as k varies over N, but the topo- 
logical type of iSf is not necessarily bounded as k varies over N and S varies over 
X. 

In discussing the limitations of Theorem A, we return to our previous examples 
from symplectic geometry, and make the important observation that Theorem A 
does not guarantee any sort of convergence along the region in which J degenerates. 
In other words, in the symplectic blow-up example we do not obtain convergence in 
collapsingly small neighborhoods of the symplectic divisor V; in the neck stretching 
example we do not obtain convergence of multi-level buildings which fall in to the 
contact-type hyper-surface; in the degenerating symplectic-connected sums example 
we do not capture curves falling into the collapsing handle. The reason that the 
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above theorem makes no claims about compactness in these regions is that the 
behavior of curves in these regions is critically dependent on the manner in which 
J-degenerates - something not specified in the hypotheses of Theorem A. However, 
for all of those examples, and a wide variety of others, there exist difieomorphisms 
of neighborhoods of the set N along which J degenerates to some long/ wide/ vast 
region J\f (e.g. J\f := M x TV in the neck-stretching case) on which J is standard. If 
the original curves were closed and of bounded topological type, then one can apply 
Theorem A on compact domains (e.g. [a, b) x N in the contact case) contained in the 
"long" region Af provided one has a uniform area bound in this compact domain. 
Indeed, such bounds occur quite often, and in such cases one can then use the above 
result to build-up a variety of compactness results in non-compact or degenerating 
target manifolds. An example of both occurs in the author's Ph.D. thesis [4], in 
which a Symplectic Field Theory type compactness result was proved for a sequence 
of finite energy J-curves in a degenerating connected sum of contact manifolds. 

1.2. Proof outline. We begin by recalling a result on which our proof relies. In- 
deed, if Ufc = (it/., S,jk, Jfe) is a sequence of compact pseudo-holomorphic curves 
with bounded area, fixed domain manifold S, varying conformal structures jk, and 
has annular neighborhoods A% of each component of dS which have conformal 
modulus uniformly bounded away from zero, then there exists a subsequence which 
Gromov-converges after removing a neighborhood of small conformal modulus near 
the the boundary OS. Indeed, such a result was proved in [7] (stated there as 
Theorem 1), however the language in that article does not explicitly mention this 
conformal trimming since convergence there is understood on compact sets of the 
interior of S. We mention this difference because this trimming is a subtle but 
critically important consideration for the results that follow. The primary goal of 
this paper then becomes the following: for pseudo-holomorphic curves as in the 
hypotheses of Theorem A, and each 8 > 0, pass to a sub-sequence and find Sk C Sk 
with the property that each of the Sk are diffcomorphic to some S, and 

u k {S k \S k )c{qeM: dist g {q,dM) < 6}, 

and that each boundary component of Sk has annular neighborhood Ai.k which has 
conformal modulus bounded away from zero, and 

u k {A hk ) C {q G M : dist g (q,dM) < 5}. 

This essentially reduces the problem to the result proved in [7], and after the con- 
formal trimming near the boundaries is taken, one is left with a subsequence of 
curves with no area loss in the deep interior {q G M : dist fl (g, dM) > 5} and which 
converges in a Gromov sense. Theorem A can then be deduced by repeating the 
argument for a sequence Sk — > 0, and then passing to a diagonal subsequence. 

Thus the primary difficulty addressed in this article is to find the desired trim- 
mings. To that end, we build the result up in three steps. We begin by observing 
that pseudo-holomorphic curves satisfy a mean curvature equation of the form 
H v = tr$ Q where H v is the mean curvature vector along the image of a J-curve 
u : S — )• M, Q is a (1, 2)-tensor defined on M which depends on J and g, and by 
trg Q we mean the trace of Q along planes tangent to the image of u. We then 
incorporate elements of minimal surface theory as follows. The first step is to show 
that if a sequence of immersed J-curves has uniformly bounded area and uniformly 
L°°-bounded second fundamental forms B Uk , then one can extract a convergent 
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subsequence. Of importance here is that boundedness of the topological type of 
the underlying Riemann surfaces is not assumed, but rather constructed for the 
subsequence in the proof. It is this result which allows one to obtain compactness 
without a priori knowledge of the domain topology. 

In light of this result, we see that given a sequence of J-curves which satisfy the 
hypotheses of Theorem A, the goal becomes to pass to some subsequence, and to 
find some region of the form 

(1) M 5 °' Sl := {q G M : < 6 < dist(g, dM) < <5i < 6} 

so that the portion of the J-curves (in the subsequence) with image in M s °' Sl are 
immersed and have i°°-bounded curvature. Since J-curves can of course develop 
unbounded curvature, (consider the formation of the standard node, or a the for- 
mation of a critical point from immersed curves) and may not be immersed, we 
temporarily impose two additional hypotheses on the curves in question, namely 
that the number of critical points is uniformly bounded and the total curvature 
J 1 1 -B 1 1 2 is uniformly bounded. In [3], it was shown that the square-length of the 
second fundamental form of a J-curve satisfies an e-regularity result similar to the 
result shown in [2] for minimal surfaces. This guarantees that after passing to a 
subsequence, the curvature of the J-curves can only point-wise blow-up at finitely 
many points in the interior of M. Consequently after passing to a subsequence, one 
finds a region of the form (TTJ) on which the J-curves are immersed with L°°-boundcd 
curvature. 

In light of this result, the goal then becomes to verify that neither the total 
curvature J \\B\\ 2 nor the number critical points can increase without bound on the 
deep interior of M. The first step here is to employ a desingularization result which 
reduces the problem of arbitrarily many critical points to the problem of unbounded 
total curvature of immersed curves. To exclude the possibility of unbounded total 
curvature we first argue that if £ G S and inj M « s (C) is very small and u(() is in 
the deep interior of M and Genus(5) is zero then there exists a short closed loop 
the removal of which disconnects S into two pieces which each contain a threshold 
amount of area. Iterating this argument shows that the curves in question cannot 
develop too many nodes in the deep interior of M - even in the case of non-zero 
genus. We conclude that after passing to a subsequence, the injectivity radius 
can only be arbitrarily small in a neighborhood of a finite number of points in 
M, so by restricting our attention to complementary regions, we may assume the 
injectivity radius is uniformly bounded away from zero. Then by employing a 
covering argument, it is sufficient to show that on an intrinsic disk Z? r (Co) : — 
{( £ S : dist u » g ((o, C) < r} a J-curve with a uniformly bounded area cannot 
have arbitrarily large total curvature. This is proved by recalling that J-curves 
have Gaussian curvature uniformly bounded from above, and recalling a differential 
equation relating the area and curvature of such intrinsic disks. In particular we 
show that if the total curvature on T> r / 2 (Co) is arbitrarily large, then so too is the 
area of the disk £V(£o). Since the J-curves in question have a priori bounded area, 
this is sufficient to conclude that the total curvature of the J-curves with image 
in the interior of M is not arbitrarily large, and the proof of Theorem A is then 
immediate. 

It should be noted that the techniques used to prove Theorem A are sufficiently 
strong to develop a more refined version of Gromov-convergence which neither relies 
on bubbling- analysis of harmonic maps nor relies on Deligne-Mumford compactness. 
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This approach will be addressed in future work, and for now we suffice to prove 
Theorem A as stated and outlined above. 

1.3. Acknowledgements. The following is an extension of ideas developed in my 
Ph.D. thesis [I] at New York University, and as such I would like to thank my 
advisor, Helmut Hofer, for his encouragement, support, and for creating a vibrant 
symplectic and contact research group at the Courant Institute. I would also like 
to thank my pseudo- advisor Richard Siefring, who always appeared happy to an- 
swer my endless list of questions about pseudo-holomorphic curves, and symplectic 
geometry. Lastly, I would like to thank Chris Wendl for a variety of fruitful conver- 
sations, and for his detailed comments regarding many elements of this manuscript. 

2. Preliminaries 

We begin by providing some pertinent definitions. For instance, let M be a 
compact real 2n-dimensional manifold (possibly with boundary) equipped with a 
smooth section J e r(End(TM)) for which J 2 = —1; we call (M,J) an almost 
complex manifold, and J the almost complex structure. Note that J need not be 
intcgrable; that is, it need not be induced from local complex coordinates. Indeed, 
this will only be true if the Nijenhuis tensor Nj associated to J vanishes identically, 
and do not make such an assumption. 

If (M, J) is equipped with a smooth Riemannian metric g for which J is an 
isometry (i.e. g(x,y) — g(Jx,Jy) for all x, y € TM), then we call (M,J,g) an 
almost Hermitian manifold. Observe that any almost complex manifold can be 
given an almost Hermitian structure (J, g) by choosing an arbitrary Reimannian 
metric g, and defining g(x, y) := \ (g(x, y) + g(Jx, Jy)) . 

To an almost Hermitian manifold (M, J, g) one can associate a fundamental two 
form (c.f. [5]) u) S r(A 2 TM) given by ui{x,y) := g(Jx,y). We call uj the almost 
symplectic form associated to (J, g), where the "almost" refers to the fact that in 
general duj ^ 0. Indeed, uj is non-degenerate by definition, so if uj is closed then it is 
a symplectic form, and in such case J is an ^-compatible almost complex structure. 
Again, we do not make this additional assumption. 

We also consider pseudo-holomorphic curves, or more concisely J-curves, which 
for our purposes will be four-tuples u = (u, S, j, J), with entries defined as follows. 
Given a target manifold M , J will be a smooth almost complex structure on M, 
S will be a smooth manifold of real dimension two, j will be a smooth almost 
complex structure on S, and u : S —> M will be a smooth map for which J ■ 
Tu = Tu ■ j. Unless otherwise specified, we will allow for S to be non-compact, 
to have smooth boundary, and to have unbounded topology (i.e. countably infinite 
connected components, boundary, and genus). We will say that a J-curve u is 
compact provided S has the structure of a compact manifold with smooth boundary, 
and we will say u is closed provided S has the structure of a compact manifold 
without boundary. Note that we do not assume (S, j) is a Riemann surface; that 
is we do not assume (S,j) has the structure of a complex (and hence analytic) 
manifold, but only that S is a smooth manifold. The reason for this non-standard 
assumption (or lack thereof) is that in what follows it will be absolutely necessary 
to parameterize J-curves as smooth maps from smooth surfaces which are not 
analytic. Indeed, requiring (S 1 , j) to have the structure of a complex manifold is not 
only unnecessary in what follows, but unnecessarily cumbersome. 
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Since S can be quite complicated, we will need to make the notion of "genus" 
precise. We do this in definition 12.21 below, but first we introduce the notion of a 
compact region. 

Definition 2.1 (compact region). Let M be a manifold. SupposelA C M is an open 
set for which its closure c\(U) inherits from M the structure of a smooth compact 
manifold possibly with boundary. Then we call cl(U) a compact region in M . 

Definition 2.2 (genus). Let S be a connected compact two-dimensional manifold 
with boundary. We define Genus(S') to be the genus of the surface obtained by cap- 
ping off the boundary components of S by disks. If S is disconnected but compact, 
then we define Genus(5) := X^fc=i Genus(Sfc) where the Sk are the connected compo- 
nents of S. If S is non compact (but with at most countably infinite connected com- 
ponents), we define Genus(5) := limk_). oc , Genus(Sfc), where Si C S2 C S3 C • • ■ is 
an exhausting sequence of compact regions in S. 

This raises an important point, namely that we will often abuse notation by 
referring to the genus of u or it, when we actually mean the genus of S. We will 
similarly abuse language by saying that u is connected or compact by which will 
we mean S has these properties. 

We now turn our attention to some less standard definitions, which have some 
flavor of geometric measure theory, and are necessary for later proofs. 

Definition 2.3 (/C-proper and /C-convergence). Consider a sequence of maps Uk ■ 
Sk — > M to and from manifolds which possibly have boundary and may be non- 
compact. Let IC C Int(Af) be a compact set in the interior of M . We call this a 
robustly /C-proper sequence provided there exists another compact set IC C Int(M) 
for which K C Int(/C) and if uZ QC) \dSk is compact for every compact set K C K. 
Similarly a single map u : S —> M is robustly IC-proper provided the constant 
sequence u,u,U, . . . is robustly IC-proper. 

Furthermore, we say the above sequence of maps robustly /C-converge in C°° pro- 
vided there exists an auxiliary manifold S and diffeomorphisms ipk ■ S —> ipk{S) C 
Sk with the property that Uk(Sk \ ipk(S)) C M \ IC, and the "trimmed" reparame- 
terizations Uk ° ipk '■ S — > M converge in C°° . 

Definition 2.4 (uniformly robust /C-covers). Let M be a manifold, and K, C Int(M) 
a compact set. Suppose u : S M is a smooth robustly IC-proper map. Then we 
say (u, S) is IC-covered by maps <pi : T> r — > S for i = 1, . . . , n provided that 

u(5\Uf =1 ^(D r )) CM\£; 

here V r := {X G M dimS : \\X\\ < r}. 

We say a sequence of robustly IC-proper maps Uk : Sk — > M is uniformly IC- 
covered provided dimSfc is independent of k and each (uk,Sk) is IC-covered by 4>i t k 
with i = 1, ...,n; in other words, the number of maps needed to IC-cover each Uk 
is independent of k. Furthermore, we say a uniformly IC-covered sequence is a 
uniformly robust /C-covered sequence provided there exists e > and a compact set 
IC C M with the properties that IC is contained in the interior of IC, and 

u k (Sk\u2 =1 (t> i>k (V r ,)) dM\jC; 

for all r' G (r — e,r). We call the (<fii i k,'E > r) uniformly robust A^-covers of the 
sequence (u k , Sk). 
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Remark 2.5. Note that a uniformly robust IC-covered sequence (uk,Sk) with JC- 
covers <f>i,k '■ F) r — > Sk, has two convenient properties: first the (uk,Sk) are a 
robustly ]C-proper sequence, and second for all sufficiently large r' < r (independent 
ofk), the restricted maps <pi.k ■ F) r i &k again form uniformly robust K,- covers for 
the sequence (uk,Sk). 

Definition 2.6 (/Q oc -convergence). Given a uniformly robust JC-covered sequence 
v-k ■ Sk — ^ M , we say that the Uk converge in a smooth /Q oc sense provided there 
exists a sequence of uniformly robust KL-covers (f>i : k ■ T> r Sk with the property 
that for each i — 1, . . . , n the maps Uk o cj)^ : T> r — > M converge in C°°(T> r , M). 
We say the limit is immersed provided each Ui }00 := limits o <p^k is immersed. 

It is instructive to point out that smooth /C; oc -convergence in general does not 
imply smooth /C-convergence. This is due to the fact that /C; oc -convergence does 
not guarantee any sort of topological convergence of the underlying Sk- Consider 
for instance, a sequence of double covers of S 1 , for which the domains alternate 
between being connected and disconnected. Nevertheless, given /Q oc -convergence, 
one expects that after passing to a subsequence /C-convergence can be obtained. 
Indeed, this is the content of Proposition 12 . 71 below. 

Proposition 2.7. Let M be a manifold, and /C C Int(M). Let Uk ■ Sk — > M be a 

uniformly robust IC-covered sequence which smoothly /Q oc converge to an immersed 
limit. Then a subsequence robustly K. converges in C°° . 

The proof of Proposition 12.71 is provided in Section 14.11 We now return to 
establishing some notation, and discussing some elementary properties of J-curves 
which will be exploited in later sections. 

If M is a manifold and A C M, then we will use the notation O(A) to denote some 
open set containing A. Furthermore, if M is equipped with a metric g, then we will 
use the notation O a s (A) := {p € M : dist 5 (p, A) < 5} to denote a ^-neighborhood 
of A. In the case that A = p 6 M is just a point, and 5 > is sufficiently small so 
that a 5 neighborhood of p is a ball, then we will use the notation B 9 s (p) = 9 s (p). 
Also, recall that for a map F : O(0) C K m -> K", we say that F{x) = Oe(\x\ k ) 
provided \D a F(x)\ = 0(|x| fc_ ' Q ') for all multi-indices a with \a\ = 0, . . .£. 

Definition 2.8 (generally immersed). We shall say a smooth map u : S M 
between smooth manifolds ( which may have boundary and corners, be disconnected, 
or be non- compact) is a generally immersed provided that for each point z £ 5 for 
which T z u / we have Rank(T z w) = dim S , and the set of critical points, which 
we henceforth denote as Z u :— {z e S : T z u — 0} ; has no accumulation points. 
Furthermore if M is equipped with a Riemannian metric g, then we require that the 
conformal structure [u*g] on S \ Z u admits a smooth extension across 2 U . 

Lemma 2.9 (local model). Let (M,J,g) be an almost Hermitian manifold, with 
K, C Int(M) a compact set. Suppose (u,S,j,J) is a robustly IC-proper generally 
immersed J -curve in M , and fix z € u _1 (/C). Then there exists a local holomorphic 
coordinate chart <p z : O(z) — > O(0) C C ~ M 2 , geodesic polar coordinates $ z : 
0(u(z)) -> O(0) C C" ~ R 2n , and unique k z € N such that<j> z (z) = 0, $ 2 (u(z )) = 
0, and such that 

® z ouo<t>- x (p) = (p k *,0,...,ti)+F z (p), 
where F z (p) = O k ;+i(\p\ k * +1 ). 
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Proof. First, we will drop the z-dependence from our notation, and simply write k, 
<j>, $, and F. Next, let (f> : O(z) -> O(0) C C ~ K 2 be a holomorphic coordinate 
chart for which <f>(z) = 0, and let $ : 0(u(z)) -> O(0) C R 2 " be polar geodesic 
coordinates for which <I>(it(z)) = and ($* J){p) J{p) = Jq + 0(\p\); here Jo is 
the standard almost complex structure defined by Jod Xa — d Va for a — 1, . .. ,n. 
Next, recall a consequence of Aronszajn's theorem, which guarantees that if O C M 2 
is open and connected, and u : O — >• R m is a smooth map which satisfies 

|Afi| < C(\u\ + \d s u\ + \d t u\) 

on O, and (D a u)(0) = for all multi-indices a, then u = on O; here we are using 
subscripts to denote partial differentiation. Since ciu -I- J(u) • du ■ j — 0, it follows 
that for u :— $ o w o we have ?i s + J(u)u t = 0, and hence 

|A«| = |(- J(u)u t ) s + (J(u)u s ) t \ 
= \-{j(u)) s iit + {j(u)) t u s \ 
<C(\u s \ + \u t \); 

here we have made use of the fact that the C 1 norms of J and u are uniformly 
bounded. By assumption u is generally immersed, and hence u is not a constant 
map, so it follows that u(s,t) — P(s,t) + F(s,t), where F(s,t) — 0(\s + it\ k+1 ) and 
P is a homogeneous polynomial of degree k E N. 
Next define the following linear maps 

(2) £ a : R 2 — > M 2 l a x = ax 

(3) L Q :R 2 "^R 2 ™ L a (x) = ax. 

Observe that (L*J)(p) = J{ep) = Jo + eO(\p\), and thus as e we have (L* J) 
Jo in G°° . Let us also define the maps v e := L e -k o uo £ e so that 

v e (s,t) = P(s,t) + e- k F(es 7 et) 

= P{s,t) + eO(\s + it\ k+1 ), 

and thus v e — > P in C°° . Also observe that 

d s v e + {L* ek J){v e )d t v, = e^us o £ e + e 1 - k J{u o £ t )u t o £ e = 0; 

this together with the fact that v e — > P and (L* k J) — » J , it follows that P s + JoP t = 
0, and hence P has the form 

P(s,t) = cH ■ (Re((s + ii) fc ),Lm((s + if) fe ),0,...,0), 

where c G R + , and if € j^2nx2n j g a rea j ma ^ r j x f or w hich H T H = 1 and JqH = 
HJq. Consequently for $ := H^ 1 ■ $ and <f> := c 1/,fe ^ the lemma is proved. □ 

In light of Lemma 12.91 it will be convenient to make the following definition. 

Definition 2.10. Let u be a generally immersed J -curve. Then for any interior 
point zq, we define the order of zq to be the following: 

ord(zo) = k — 1 

where k is the integer guaranteed by Lemma \2.9i 
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Since much of the analysis that follows will regard J-curves as sub-manifolds, we 
take a moment to establish some convenient notation for certain pull-back bundles 
associated to a given immersion u : S — > M with image in a Riemannian manifold 
(M,g): 

u*TM := {(£ X) e S x T P M : u(£) = p} 
T := {((,X) g u*TM : X g Tu(T ( S)} 
N := {(C, X) g u*TM : (X, Y) ff = V (0 Y) £ T}. 

We also define the second fundamental form B u along the image of u by the fol- 
lowing. 

B u er(Hom(Txr,AO) given by B U (X,Y) = (VxY^, 

where X, Y are sections of T C u*TM, and V is the Levi-Cevita connection on 
u*TM induced from TM, and X i-)- -X"^ is the g-orthogonal projection from u*TM 
to J\f. Recall that the mean curvature vector H v g r(7V) of an immersion u : S — > 
M is given by 

dimS 

H v := ^ B u (ei,ei) 
i=i 

where {e\, . . . , edims} is any orthonormal frame in T . Recall that if the almost 
symplectic form w = g o (J x 1) is actually symplectic (i.e. = 0), then J-curves 
are minimal surfaces - or more precisely generalized minimal immersions. However, 
when uj is not closed, then immersed J-curves satisfy the mean curvature equation 

(4) H v = tr s Q 

where Q := JV J, and tr$ Q is the trace trs Q := Q(e, e) + Q(f, /) where e, / g T 
form an orthonormal frame. Consequently, we can recall the Gauss equations for 
two-dimensional immersions u : S — > M are 

(5) K sec (T u{0 ) = K g (C) - {B u (e,e),B u (fJ))g + \\B u (eJ)\\ 2 g , 
which reduce to the following when (u, S, j, J) is an immersed J-curve: 

(6) K sec {T u(0 ) + III trs Qf g - K u * g (() + ±\\B u f g . 

Next we wish to define Gromov convergence of J-curves, however to do this 
we need some preliminary definitions; here we will essentially follow Sections 4 
and 7 in [I] . To that end, we define a marked J-curve to be a pair (u, fi) where 
u = (it, S, j, J) is a J-curve and fi C S \ dS is a finite set of points called marked 
points. 

A nodal J-curve is a triple (u, D) where (u, fi) is a marked J-curve, and D is 
an unordered finite set of pairs of distinct points D = ...,ds,d s } C S\dS 

with the property that u(di) — u{dj) for i = 1,...,<5 and fi n D = 0. As in 
Section 4.4 of [I], we define S* to be the oriented blow-up of S at the points D, 
and we let T t := (^(S 1 ) \ {0}) \ R% C S D and ^ := (T dt (S) \ {0}) \^cS fl 
denote the newly created boundary circles over the di. Furthermore, we say a 
nodal J-curve is stable provided that for each connected component S of S we have 
3 < 2 Genus(^) + #(// U D) where p, = SCifi and D := S n D. Note that in the case 
that S is compact, then this condition is equivalent to x(S) — #(/2u5) < 0, so that 
there exists a unique complete finite area hyperbolic metric of constant curvature 
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— 1 on S' := S \ (fi U D) which is in the same conformal class as j and for which 
each connected component of dS is a geodesic; we denote this metric by /i J, ' iU - D . 

A decorated nodal J-curve (u, [i,D,r) is a quadruple for which (u,/j,,D) is a 
nodal J-curve and r is a set of orientation reversing orthogonal maps r^ : 1^ — > r,-, 
which we call decorations. We also define S D ' r to be the smooth surface obtained 
by gluing the components of S D along the boundary circles {Ii,^, . . . ,1^,1^} via 
the decorations r^. We will let I\ denote the special circles I\ = T_ t C S D,r . Observe 
that the smooth map u : S — > M then lifts to a continuous map u : S D ' r M. 

Definition 2.11 (Gromov convergence). A sequence (uk, Sk, jk, Jk) °f compact J in- 
curves (i.e. 'potentially with boundary) is said to converge in a Gromov- sense to a 
nodal J-curve with boundary (u, D) with u = (u, S, j, J), provided the following are 
true for all sufficiently large k G N. 

(1) J k -> J in C°°. 

(2) There exist sets of marked points fik C Sk \ dSk and fi C S \ (dS U D) with 
the property that jf-fj, = #{ik for all k, and the marked J -curves (ufe,/ife) 
and the nodal curve (u, /i, D) are all stable. We further require that if S 
is a connected component of S and u : S —> M is a constant map, then 
3 < 2Genus(5) +#(Dn5). 

(3) There exist a decoration r for (u,D) and sequences of diffeomorphisms 
<fik '■ S D ' r — > Sk such that <t>k{y) = A*fe an d for each i — 1, . . . ,8 the curve 
4>k(Fi) is a h Jk ' tJ,k -geodesic in S' k . 

(4) (t>%h jh '' ih -)■ hP^ UD in C% c (S D - r \ (nU t T t )); here we have abused notation 
by letting h?' flUD also denote its lift to S D ' r . 

(5) (f>* k uk^u inC°(S D ^ r ). 

(6) <f>iu k ^um C% c (S D ' r \ U,r,). 

With this definition in hand, we finish this section by defining the notion of 
robust /C-convergence in a Gromov sense. 

Definition 2.12 (robust K- convergence in Gromov sense). Consider an almost 
Hermitian manifold given by (M, J, g) and a sequence of almost Hermmitian struc- 
tures (Jfc, g k ) for which (J k , gk) — > {J,g) inC°°, and a compact set K, C Int(Af) , and 
a robustly K-proper sequence of generally immersed J k -curves u k — (u k , S k ,jk, Jk). 
We say that the u k robustly /C-converge in a Gromov sense provided there exists 
a compact set K, C Int(M) for which K, C Int(/C) 7 and there exist compact regions 
S k C Sk with the property that u k (S k \ Sk) C M \ K, and the domain restricted 
Jk-curves (uu, Sk,jk, Jk) converge in a Gromov sense. We additionally require that 
the sequence of marked points added to the (S,jk) to obtain Gromov convergence are 
chosen so that lengths of each connected component of dSk ( computed with respect 
to the associated Poincare metric ) are uniformly bounded away from zero and in- 
finity. Moreover we require that each component of the limit curve with non-empty 
boundary is non-constant, and Moo restricted to some neighborhood of the boundary 
is an immersion. 

3. Target-Local Compactness 

The goal of this section is to prove Theorem 13.11 below, which is the main result 
of this article. Also of importance in this section is the proof of Corollary 13.101 
below, which is a restatement of Theorem A from the introduction. 
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Theorem 3.1. Let (M,J,g) be an almost Hermitian manifold, and let (Jk,gk) be 
a sequence of almost Hermitian structures which converge in C°° to {J,g). Also let 
K, C Int(-M) be a compact region, and let u^. be a sequence of generally immersed 
Jk-curves which are robustly IC-proper and satisfy 

(1) Area„. 9fc (5 fe ) < C A < oo 

(2) Genus(S* fc ) < C G < oo. 

Then a subsequence robustly 1C-converges in a Gromov sense. 

The proof of Theorem 13.11 consists of three main steps. The first step is to prove 
Theorem 13.11 with the additional assumptions that the curves are immersed and 
H-SusJU 00 is uniformly bounded, but without the assumption of bounded topology; 
this is the content of Section 13.11 The second step is to use this result to prove 
Theorem 13.11 with the additional assumptions that ||B Uh ||£,a is uniformly bounded 
and that the number of critical points of the Uk are uniformly bounded; this is the 
content of Section [3~2l Finally, the third step is to use this result to prove Theorem 
13.11 with no additional assumptions. 

3.1. Compactness with ||.B||l°o bounds. In this section we prove the following 
result. 

Proposition 3.2. Let (M,J,g) be a compact almost Hermitian manifold with 
boundary, and let {Jk,9k) be a sequence of almost Hermitian structures which con- 
verge in C°° to (J,g). Also let /C c Int(M) be a compact region, and let be 
a sequence of immersed compact Jk-curves which are robustly IC-proper. Suppose 
further that 

(1) Area u « 9fc (5 fc ) < C A < oo 

(2) Bup CeS J|B»*(C)|| jnk <Cfl<oo. 

Then a subsequence robustly IC-converges. Here Bjj* denotes the second fundamental 
form the the immersions Uf. : Sk — > M computed with respect to the metrics g^ on 
M. 

Proof. We note that as a consequence of Proposition 12.71 it is sufficient to show 
that a subsequence robustly /C; oc -converges. Consequently, we need some conve- 
nient local parameterizations. In particular we will consider local graphical pa- 
rameterizations over coordinate tangent planes. We make this precise with the 
following. 

Proposition 3.3 (Uniform Local Graphs). Let M be a be a compact manifold of 
dimension 2n and possibly with boundary. Let (Jk,gk) (J, 9) be a sequence 
of almost Hermitian structures on M which converge in C°° . Fix a compact 
set K, C Int(Af), and a constant Cb > 0. Then there exist positive constants 
ro, Co, Ci, C2, C3 . . . , depending only on Cb, dist 9 (7C, dM), and the geometry of 
(M,J,g) with the following significance. For each proper immersed Jk-curve de- 
noted by (u k , S k ,jk, -h) for which 

dS k - u- k \dM), and sup ||B»(0|| < C B , 

and each £ € Sk such that Wfc(C) G JC there exists a map </> : T> ro — > Sk and geodesic 
normal coordinates $ : ^3fr ( u (C)) — * with the following properties. 

(1) u(s,t) :=$ouo^(s,t) = (s,t,u 3 (s,t), . . . ,u 2n (s,t)), 

(2) (f>(0) = C, u(0, 0) = 0, and D a u l (0, 0) = for \a\=l andi = 3,..., 2n, 
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(3) £ H =iE-=3 llWllco ( ^ ) < 10- 20 and \\u\\ c *(v ro ) < C k for k E N. 

(4) For Euclidian coordinates p — (s,t), on T> ro , we have 

h\p\ < dist (UfcO0) . 3fe (O,p) < 2\p\ and ±|p| < dist 9fe (u k (4>{p)), u fc (0(O))) < 2\p\. 

A proof of Proposition l3.3l can be found in [3] ; the idea of the proof goes as follows. 
First one shows that J-curves satisfy an inhomogenous mean curvature equation 
of the form H = trg Q with Q a tensor on M. Next one writes this equation 
in local coordinates on M to see that locally the u solve a second order partial 
differential equation. The uniform curvature bound guarantees that in geodesic 
normal coordinates, in a small disk centered at £ tangent planes don't deviate 
too much from being "horizontal." One concludes the existence of a graphical 
parameterization, in which case the partial differential equation that the graphically 
(but not holomorphically) parameterized J-curves solve is uniformly elliptic. One 
readily sees that uniform curvature bounds then guarantee uniform C 2 bounds, in 
which case the uniform bounds on the HDcU'll with |a| > 2 then follows from the 
usual elliptic regularity theory. 

In order to prove robust /Q oc -convergence we must now show that the parame- 
terizations of Proposition 13.31 can be used to construct a uniformly robust /C-cover. 
The desired convergence will then follow essentially from the Arzela-Ascoli theo- 
rem. To construct the desired /C-cover, we first recall the extrinsic monotonicty of 
area lemma. 

Proposition 3.4 (monotonicity of area). Let (M,J,g), be a compact almost Her- 
mitian manifold possibly with boundary. Then for all (J',g') sufficiently close to 
(J, g) in a C 2 -sense, the following holds. Let (u, S,j, J') be a compact generally im- 
mersed pseudo-holomorphic curve for which u(dS) n (u(()) = for some r > 
satisfying 

8r < min (C^inj^ («(("))), 

where 

sup \Kl ec {p)\ < \C 2 and sup ||VJ|| S < \C; 

peM peM 

here V is the Levi-Civita connection associated to g, and |-f^f ec (p)| defined by 

(7) \K°Jj>)\ ■= sup{|Kf ec (X,y)| :X,Ye T P M and X AY ± 0}. 
Then for all < a < b < r we have 

1 2 

-2 Area u , s , (S* Q (0) < p Area^, (S b (Q), 

where S a (^) the connected component o/w^ 1 (C^ which contains £. In par- 

ticular, letting a — > and b = r yields the familiar result 

Trr 

(8) — <Area uV (5 r (0). 

A proof of the above proposition can be found in [3]; it is a modification of 
the well known result for minimal surfaces. Also note that the weaker version of 
monotonicity given in ©, is a very well known result for J-curves (c.f. [S] , [5], [5]), 
and it is sufficient for our purposes the remainder of this article. We now prove a 
fairly standard covering result. 
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Lemma 3.5. Let K, M, (Jk,9k)> and Uk, be as in the hypotheses of Proposition 
\3.Sl Then after passing to a subsequence, a robust uniform KL-cover can by obtained 
using only the graphical parameterizations <f> given by Proposition Iff.ffl 

Proof. We begin by fixing two auxiliary compact regiontQ /C, K, C M for which 
K C Int(/C), JC C Int(/C), and JC C Int(M), and for which the are robustly 
/C-proper. Observe that the functions defined by fk(p) ■— ( dist Sfc (p, /C)) , are 
all smooth in a neighborhood of the form 0{JC) \ JC. Observe that the functions 
fk ° Uk have critical values which are the compliment of an open dense set in 
(0, e). It follows that there exists some eo > which is not a critical value of 
any of the Uk, and hence the Jk curves (ufc,itjjT ({/ < eo}),Jfc, Jk) satisfy the hy- 
potheses of Proposition 13.31 Without loss of generality, we will henceforth assume 
that Sk — %T ({/ < eo})' Then for each ( £ u' k l {JC) we let '■ ^V Sk 
and $ c : 0f£ o (ufc(O) -> R2n denote the maps guaranteed by Proposition 13.31 
Next, for each k, choose {Ci,fc, Ca.fcj • • • Cm h ,k} C u^ 1 (JC) so that the open sets 
0f^(Ci,k),0f^(C 2 ,k),---,0f^(C mk ,k) are maximally disjoint. For clarity, we 
define 4>i,k '■— 4>d k ,k so that 4>i,k(0) = . We now observe that to complete the 
proof of Lemma f3 . 51 it is sufficient to prove the following two claims: firstly there 
exists an m £ N such that < m for all sufficiently large k, and secondly 

m k 

(9) ^(CJcU^^). 

i=l 

We prove the former statement first. Indeed, recall that by Proposition 13.31 we 
have 

u k o 4>i,k{dV ro ) n o 9 r k o/2 (u k {( hk )) = 0, 

so by Lemma [3T4l it follows that 

^(r /16) 2 /2 < Area u . 9fc (S ro/ i 6 (Ci,fe)), 

where £V /i6(Ci,fc) is the connected component of u^ 1 (B^j 16 (uk(Q.k))) containing 
Ci,fe- Again by Proposition 13.31 one finds that 

s rQ/16 (c^)cc<; 8 fc (^, fe (o)). 

Since the these latter sets are disjoint, it follows that 

2- 9 m k 7rr 2 < ^Area^ (O^(^, fc (0))) < Area,,;^*) < C A , 

i=l 

and thus the are uniformly bounded. To prove the latter statement, namely 
the containment © , we first observe that as a consequence of Proposition 13.31 it 
follows that O r *A4 (Ci,fc) C <t>i.k(P > r a l2)-, ancl thus to prove ([9]) it is sufficient to show 
that 

m k 

(10) ^H^cUCfy- 

To see this, we suppose not. Then there exists £ 6 u A T 1 (^C) such that 

min dist u %g k (CCi.k) > r /4. 
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However, it then follows that for all £ = 1, ... , m k we have 0^j£ (C) H O" *fg (Ct.fe) = 

0, but by the maximality of the O^ft (d,k),of^ (C 2 ,fe), • ■ • , C^/J (Cn fe ,fe), we must 

have O" fe fg (C) nO"^* (Ci.fc) 7^ for some £ 6 {1, . . . , m fc }. This contradiction proves 
(fTUl) , and hence completes the proof of Lemma 13.51 □ 

With Lemma [3~5l in hand, we now complete the proof of Proposition ^. 21 To that 
end, we note that it is sufficient to prove that for each £ = 1, . . . , m a subsequence 
of the maps Uk ° 4>i,h converges in C°°(XV _ C ', M) for some small e' £ (0, ro/2). To 
see this, we first note that after passing to a subsequence we arrange that for each 
£ = 1, . . . ,m the sequence of points Uk ° </>i,fc(0) converges, as well as linear maps 
T $~l : T R 2n -> T UfcO0i fc(0 )M; here, as before with </>, we have let := $C;, fc ,fc 
be the geodesic polar coordinates guaranteed by Proposition 13.31 By that same 
proposition, all the derivatives of the maps $^ ^ o o <^ /. are uniformly bounded, 
and hence by the Arzela-Ascoli theorem, it follows that after passing to a further 
subsequence the Uk <fti,k converge in C°°(2? ro _ c ', M). Furthermore we have shown 
that the (j)i,k '■ £V -e' — ► *Sfc form a uniform robust /C-cover, and hence we have 
passed to a subsequence for which the Uk robustly /C; oc -converge. The proof of 
Proposition 13.21 now follows from Proposition 12. 71 □ 

3.2. Compactness with ||-B||l 2 bounds. The purpose of this section is to prove 
Theorem 13.61 below. 

Theorem 3.6. Let (M,J,g), {Jk,gk), o-nd IC, be as in the hypotheses of Propo- 
sition HOI Let Uk = (Uk, Sk,jk, Jk) be a robust K-proper sequence of compact 
Jk-holomorphic curves which satisfy the following 

(1) Genus(Sfc) < C G < 00, 

(2) Area„- 9fc (5 fc ) < C A < 00, 

(3) #Z Uk <C z <<x, 

(4) f Sk \\BH\\l<C Total <^, 

where Cq, Ca, Cs, and Cxotai do not depend on k. Then a subsequence robustly 
IC-converges in a Gromov sense. 

Proof. We begin by letting JC C Int(M) be a compact set for which JC C Int(/C), 
and for which the are robustly /C-proper. Next we observe that since #Z Uk < 
Cz, it follows that after passing to a subsequence, we may assume that Z Uk — 
{zi. k , z 2,k, ■ •■ , z nQ ,k}, and for each i = 1, . . . , hq either the sequence Uk(zi y k) con- 
verges to a point in JC or else dist 9fe (/C, Uk{zi,uj) > S > 0; we denote the associated 
limit set in K, by <5>i. Next we claim the following. 

Lemma 3.7 (finite points of curvature blowup). Let (M,J,g), (Jk,gk)> JC, an d 
Ufe = (life, Sk, jk, Jk) be as in Theorem \3.6\ Fix a compact set JCq C M such that 
JC C Int(/Co) and JCq C Int(/C). Then after passing to a subsequence, there exists 
a finite set S2 C JCq with the following significance. For each e > 0, there exists 
C > and kg £ N such that for all k > kg, the following holds: 

sup l|Bf fc (C)H 2 <C 

Proof. The proof of Lemma 13.71 has one major technical component, which we now 
state. 
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Proposition 3.8 (Curvature Threshold). Let (M,J,g) be a compact almost Her- 
mitian manifold possibly with boundary, and let e > 0. Then for all (J',g') suf- 
ficiently close to (J, g) in a C 3 sense, there exists an h > depending on e 
and the geometry of (M,J,g) with the following significance. If (u, S,j, J') is 
a compact immersed J 1 -curve, with £ € S satisfying dist g / (u(£),dM) > e, and 

u(dS) n 0( (u(C)) = 0, and for some < r <h 

\\B({0\W>- r 

then 

\\B?'\\ 2 >h- 



I SAC) 

here integration is taken with respect to u*lo' where u/ := g' o (J 7 x 1), and SV(C) 
is the connected component ofu~^(0-j. (u(C))) which contains (. 

A proof of this result can be found in [3] ; it is a modification of the proof of the 
e-regularity of the second fundamental form of a minimal surface in a Riemannian 
three-manifold (c.f. [2 ). We proceed with the proof of Lemma \'3. 71 

Next we define an iterative procedure to construct the desired set S 2 - Begin 
by defining 6>2.o := <5i- Then either it's the case that there exists a sequence 
Ci.fe G % X (£o) such that limsup ||Bg*(Ci,fc)|| = 00 and dist fl (<S 2 ,o, &,fc) > 6 for 
some e > 0, or else we define S2 '■= ^2,0 an d we are done; we suppose the former. 
In this case we pass to a subsequence so that ||-B#r (Ci,fc)ll — ^ 00 j an d M fe(Ci,fc) 
converges to a point pi G /Co, and we define the finite set £2,1 : = £2,0 ^ {Pi}- 
Again either it's the case that there exists a sequence C,2,k £ 1 (/Co) such that 
limsup ||-B{£(C2,k)|| = 00 and dist 9 («S2,i>C2,fc) > e for some e > 0, or else we define 
6>2 := >S2,i and we are done; we again suppose the former and pass to a further 
subsequence so that ||-B|[£(C2,fc)|| — > 00, Uk((2,k) converges to a point P2 G /Co, and 
we define £2,2 := <52,iU{p2}- We now iterate this procedure to construct a collection 
of sets: S 2 ,o C S 2 ,i C • • ■ . 

We now claim that this process must terminate after a finite number of iterations. 
Indeed, fix e > such that 0| e (/Co) C Int(/C), and let ft > be the constant 
guaranteed by Proposition 13.81 and is associated to (M, J, g) and e; also fix no G N, 
and suppose that k is sufficiently large so that for some S G (0, h) the following 
conditions hold 

(1) dist g (5i,5 2 ,„ \<Si) > S, 

(2) distg (u k (Ci,k),Uk(Q,k)) > $ for all i, j G {1, . . . , n } for which i ^ j, 

(3) for all i G {1, . . . , n } we have (Ci,*)|| > 2/e. 
Then by Proposition 13. 8[ it follows that 

no « 
n ft < J2 / ITOCi,*C ^ / W B uJ 2 ^ C Total, 

i = l J S%(Q, k ) Js h 
and thus no is bounded. This completes the proof of Lemma 13.71 □ 



Wc now continue with the proof of Theorem 13.61 As a consequence of Lemma 
13. 7\ it follows that after passing to a subsequence, there exist compact sets /Q C M 
for i = 0, . . . , 4 such that /C;+i C Int(/Cj), /Co C Int(/C), /C C Int(/C4), and such that 

^p re(0[[**<<7<°°> 

C6u fc (/Cl\/C4) 
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for all k. In this case we define M := Int(/Ci) \ /C4 and K. := K.2 \ Int(/C3), and 
Ufe := (ufe, Sk,jk, Jk) where S k ■= (M). Observe that M, JC, and the Ufe satisfy 
the hypotheses of Proposition 13.21 and thus after passing to a further subsequence, 
there exist a compact manifold S with boundary, and there exist maps ip k '■ S — > Sk 
which arc diffcomorphic with their images and satisfy u k (S k \ ip k (S)) C M \ /C, 
and additionally the maps ii k o ip k : S — > M converge in C°° to an immersion. 
Consequently, we may define the set of boundary circles 

L ^(Mto^-'^jnaS and T+ := (u fe o^) _1 (^\Int(/C 2 )) 

so that r_ n T+ = and dS = T_ U T+. We can also define 

S k :=n^(lnt(X: 2 ))u^(5), 

so that dSk — ipk(F+)i and we have tp k : S — >• Sk- Observe that by construction we 
have 

(11) u k (S k \ S k ) C M \ JC 2 and u k {S k ) C /C 

for all A:; also recall that /C C Int(/C2) and /Co C Int(A^). Next we observe that 
the number of boundary components of Sk is equal to the number of connected 
components of T + which is independent of k; furthermore since Genus(Sfc) < Cg 
it follows that Genus(S'fc) < Cg- Also note that the number of connected compo- 
nents of Sk must also be bounded; this follows from monotonicity of aree0, which 
guarantees that the image of each closed connected component of Sk captures a 
threshold amount of area. As a consequence of these these facts, it follows that 
after passing to a further subsequence the Sk arc all diffcomorphic; we denote these 
diffeomorphisms ip k : S — > Sk- Thus we define 

u fe := (ufe, S,jk, Jk) = (life ° <fk,S, (fi* k jk, Jk), 

and observe that by construction these Jfe-curves have uniformly bounded area, 
and their images are contained in /Co C Int(M). We would like to claim that a 
subsequence converges in a Gromov sense, however some care must be taken near 
dS, a matter to which we now attend. 

Let A := If^l-^Ai be the union of pair-wise disjoint annular neighborhoods of 
r + C S, and let Oi : Ai — > S 1 x [0, 1) be diffeomorphisms. Next define the diffeo- 
morphisms 

1>i,k := Vfe 1 ° i>k o 6r l : S 1 x [0, 1) -> ^, fe (S 1 x [0, 1)) C S, 
and observe that the ipi. k satisfy the following. 

(1) For each fixed k, the images of the maps tpi. k are pairwise disjoint. 

(2) Each ipi^k is a diffeomorphism with its image. 

(3) For each fixed k we have dS = U™= x ^i,k( Sl x {°}) 

(4) For each fixed i the maps u k o ip^k converge in C°° to an immersion. 

By construction, for all k remaining in our subsequence we have u k (S k \ (p k (S)) C 
M\K,2 with K.2 C Int(/C), and by Proposition 13.91 below, it follows that a subse- 
quence of the Ufe converge in a Gromov sense. This completes the proof of Theorem 

EH 

□ 



4 See Proposition 13.41 
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Proposition 3.9. Let [M,J,g) be a compact almost Hermitian manifold with 
boundary, and let (Jk,gk) be a sequence of almost Hermitian structures which 
converge in C°° to (J,g). Suppose Uk — (uk, S, jk, Jk) is a sequence of compact 
Jk-curves which satisfy the following conditions. 

(1) Area„« 9fc (S) < C < oo. 

(2) dist g (u k (S),dM) >6>Q. 

(3) For i = 1, . . . ,n (where n is the number of connected connected components 
of dS) and for all k £ N, there exist maps ipi,k ■ S 1 x [0,e) — > S with the 
following properties. 

(a) For each fixed k, the images of the maps ipi^k are pairwise disjoint. 

(b) Each tpi^k is a diffeomorphism with its image. 

(c) For each fixed k we have dS = UILi ^^(S 1 x {0}) 

(d) For each fixed i the maps Uk ° V'i.fc converge in C°° to an immersion. 
Then a subsequence of the \i k converges in a Gromov sense. Furthermore, the se- 
quence of marked points added to the (S,jk) in order to obtain Gromov convergence 
can be chosen in such a way so that the lengths of the connected components of dS 
(with respect to the poincare metrics) are uniformly bounded away from zero and 
infinity. Moreover, each component of the limit curve with non-empty boundary is 
non-constant, and the map is an immersion in a neighborhood of the boundary. 

A proof of this result can be found in Section 14.21 

3.3. Compactness without curvature bounds. In this section we prove The- 
orem 13.11 as stated in the beginning of Section [3] Before providing the proof of 
this result, we assume its validity for the moment and state an immediate corollary 
(stated in the introduction as Theorem A). 

Corollary 3.10. Let (M, J, g) be a compact almost Hermitian manifold with bound- 
ary. Let (Jk,gk) be a sequence of almost Hermitian structures which converge to 
(J,g) in C°°(M), and let (itk, Sk, jk, Jk) be a sequence of compact Jk-curves (pos- 
sibly disconnected, but having no constant components ) satisfying the following: 

(1) u k : dS k -> dM, 

(2) Axe^ lgh {S k )<C A , 

(3) Genus^) < C G . 

Then there exists a subsequence (still denoted with subscripts k) of the Uk, an e > 0, 
and an open dense set X C [0, e) with the following significance. For each S G X, 
define Sf. := {( E Sk '■ dist g (%((), 9M) > 5}; then the Jk-curves (uk, Sf., jk, Jk) 
converge in a Gromov sense. 

Proof. Begin by defining a function / : M — >• R by f(p) := dist ff (p, dM), and 
define the sets M s := / -1 ([<5, oo)). Observe that by construction M = M°, M $2 C 
Int(Af 51 ) whenever 6% > S\, and for all sufficiently small 5 > the sets M s are 
compact regions, and \\df || is uniformly bounded away from zero near dM . We then 
apply Theorem 13. II to this sequence with /C = M 1 , to obtain a subsequence. Apply 
Theorem 13. II to this subsequence with /C = M 1 / 2 to obtain a further subsequence. 
We iterate this procedure with K = M 1 ^ and £ € N, and pass to further and further 
subsequences. Taking a diagonal subsequence we are left with a subsequence of J k - 
curves which robustly /C-converge in a Gromov sense for each /C C Int(Af). The 
regular values of / composed with the limit curves are an open dense set X C (0,5) 
for some sufficiently small 5 > 0. The corollary is then immediate. □ 
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We proceed with the proof of Theorem 13.11 momentarily, but first we state a 
result upon which the proof heavily relies. 

Proposition 3.11 (a priori total curvature bounds). Let (M,J,g), (Jfc,<?fc), £■> o-nd 
Ufc be as in the hypotheses of Theorem \3.1\ Then for each compact set /C C Int(M) 
for which K, C Int(/C) and for which the Uk are robustly IC-proper, there exist positive 
constants Cz and Ctotai with the following significance. For Sk '■— (lnt(/C)), 
the Jk-curves defined by := (uk, Sk,jk, Jfc) o-re robustly IC-proper, have uniformly 
bounded area and genus, and satisfy 

(1) #Z Uk < C z < oo, 

(2) 4 \\Bil\\ 2 <C Total <^. 

Postponing the proof of Proposition ^. 1 II for the moment, we now use it to prove 
Theorem O 

Proof of Theorem \3.1\ We begin by applying Proposition 13.111 to obtain the com- 
pact set K, and associated Jt-curves . However these curves satisfy the hypotheses 
of Theorem I3.6[ an d so a subsequence robustly /C-convcrgcs in a Gromov sense. □ 

The proof of Proposition ^ . 1 ll relies on two main technical results, which we now 
state. 

Proposition 3.12 (Desingularization) . Consider {M,J,g) an almost Hermitian 
manifold, and a compact generally immersed J -curve u = (u, S,j, J) with immersed 
boundary. Then for each e > 0, there exists an < e < e and an immersion 
U : S —> M such that the following properties hold. 

(Dl) The sets B ea (z) := {£ € S : dist u * g (z, £) < £o} for z € Z u := {z £ S : T z u — 
0} are pairwise disjoint. Also u(£) = «(£) whenever £ g S \ (Uzez ^o( z ))- 

(D2) sup ce5 dist s (u(C),«(0) ^ £ o 

(D3) For every vector X tangent to the image of u we have 

||(J*) x || s <e ]]*|| S) 

where the map Y i— > Y is the g- orthogonal projection to the normal bundle 
over the immersion u : S — > M . 
(D4) For any open set U C S, 

| Area„. fl (W) - Are&u* g (U)\ < e 

(D5) The following point-wise estimate holds 

supAV s (£) < £o + sup \K sec (q)\ + sup ||| tr Vq JVJ\\ 2 g 

(ES g€M qeM 

JV q =V q 

where Ku* g {C,) is the Gaussian curvature of S at the point £ with respect to 
the metric u*g, \K sec (q)\ is defined as in Rl), and tr-p q JVJ is the trace of 
the (1, 2)-tensor JVJ along the J -invariant plane V q = Re © KJe C T q M . 
(D6) Let IA C S be an open set, and define the set 

W° :={£eW:dist„. 3 (£,cW)>e }. 
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Then 



f 

Ju 



K u , g + (1 - e )27r ord(z) < - / K^ g + e 



zgz„nu e o 



where ord(z) is given as in Definition \2.10\ 

The proof of Proposition 13.121 is given Section 14.31 We take a moment to sum- 
marize the results of said proposition. Roughly it guarantees that any J-curve 
can be perturbed a C° small amount only near its critical points, in such a way 
that it becomes immersed, and the resulting tangent planes are C°-close to being 
J-invariant, the resulting area changes by only a small amount, the Gaussian cur- 
vature is uniformly bounded from above, and each original critical point is locally 
traded for a threshold amount of total curvature. 

We now continue with the proof of Proposition 13.111 To that end, we turn our 
attention towards showing that it is not possible for too many nodes to develop, and 
that away from a finite set of points in K., the integral of the Gaussian curvature is 
bounded from below. We make this precise with Proposition 13 . 1 31 below. 

Proposition 3.13. Let (M,J,g) be an almost Hermitian manifold possibly with 
boundary, suppose (Jk,gk) —> {J ,9) in C°°(M), and let /C CC M be a compact 
set. Suppose further that Uj, := (u k , S k , jki Jk) * s a sequence of compact generally 
immersed J^-curves which are robustly IC-proper, and satisfy 



Furthermore, for a sequence of positive numbers — > 0, let v k be the immersed ap- 
proximations associated to (u k ,e k ) yielded by Proposition \3.1^ Then after passing 
to a subsequence, there exists a finite set S — {o~±, . . . , cr no } C M and 5q > with 
the following significance. For each < 5 < 5q, there exists e > and ko € N such 
that 



here inj^ 9fc (£) is the injectivity radius of at the point C computed with respect to 
the metric v^gk- Furthermore, for each < S < So/2 there exists a constant C > 
such that for all sufficiently large k in the subsequence we have 



here K v * gic : Sf, — > R is the Gaussian curvature associated to the metric v^gt- 

The proof of Proposition 13.131 can be found Section 14.41 Roughly, the idea is to 
show that if there were many locations in which the injectivity radius were very 
small, then one could remove many small loops and disconnect the J^-curves into 
many connected components each of which has a threshold amount of area, which 
would yield a contradiction. Then one sees that in the absence of arbitrarily small 
injectivity radii, exceedingly negative Gaussian curvature results in exceedingly 
large area, which also yields a contradiction. At present, we now provide the proof 
of Proposition 13.111 

Proof of Proposition \3. 11\ Suppose not. Then there exists a compact set /C C 
Int(Af) with /C C Int(/C) for which the Uk are robustly /C-proper, and either the 



(1) AieSku* gk {Sk) <C A <oo 

(2) Genus(S' fc ) < C G < oo 

(3) Z Uk ndS k = ®. 



if k>k and v k {() € K- \ Of{S) then 



in? s l 9k (0>e: 




K Kgk < C, where S s k := v^ 1 ( Int(/C) \ Of (S)) ; 
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total curvature or the number of critical points is unbounded on /C. Since the Uk 
are robustly /C-proper it follows that there exist compact regions Sk C Sk with 
the property that Z Uk n dSk = 0, and Uk(Sk \ Sk) C M \ /Co for some compact 
set /Co C Int(M) for which JC C Int(/C )- By assumption, the restricted Jfc-curves 
Uk '■ Sk — > M are again robustly /C-proper, and this sequence of curves again has 
either an unbounded number of critical points or else unbounded total curvature 
on /C. Rather than expending notation to keep track of the Uk restricted to the Sk, 
we will (without much loss of generality) assume Sk = Sk for all k. 

Next we consider a sequence of positive numbers efe — ► as k — > oo, and 
consider the immersed approximations Vk associated to (uk,£k) and yielded by 
Proposition 13.121 We then apply Proposition 13.131 for some auxiliary compact 
set /C C Int(M) for which /C C Int(/C) and for which the Uk are again robustly 
/C-proper. Consequently, after passing to a subsequence there exists a finite set 
S = {<Ti, . . . , <r no } C M with the properties guaranteed by that proposition. As 
a further consequence of Proposition 13.131 for each sufficiently small 5 > there 
exists a constant C > such that for all sufficiently large k in our subsequence, we 
have 

- / K K9k < C, where S s k := v^ 1 {Of (K) \ OfW)) ■ 

Fix S > sufficiently small so that the sets Of s {ai) are pair-wise disjoint for all 
sufficiently large k, and 9 iS (K) C Lnt(/C). Next define 

M> := 3 3S (jC) \ Of{S), M := <D^(K) \ Of^5) and £ := Of(£) \ 9 3S (5); 



then for all sufficiently large k we have 




However, recall that the Area u * fffc (Sk) are uniformly bounded; by property (E(l]) 
of Proposition l3~TT1 the Area«* 9fc (Sk) are also uniformly bounded. Furthermore by 
property (E[S|) of Proposition 13.121 it follows that the Gaussian curvatures K v ^ gk 
uniformly point-wise bounded from above. Consequently (|12[) and property (E[6]) 
of Proposition 13.121 allow us to conclude that for all sufficiently large k we have 

(13) #(Z Ufc n^ 1 (M)) <C and / _ K u * gh < C, 

where C depends on C, g, J, and the uniform area and genus bounds on the u^. 
Next we recall the Gauss equations for J-curves: 

K sec + \\\tY S Q\\ 2 =K g + \\\Bf, 

where K sec is the sectional curvature and K g is the Gaussian curvature. Integrating 
these equations then yields 

\! ^ W B9 u k W 2 = l ^Ksec- I 1 ^^ + ll- ( M)l|tr S Q|| 2 

< (\\K sec \\ L ~ +2||VJ|||«) Area„. 9fc {u^(M))+C, 
which is uniformly bounded. Combining this fact with the left-most statement 
of ([TBI , then shows that the Jfc-curves Uk '■— (iik,u~ k 1 (M), jk, Jk) are robustly K- 
proper, and satisfy the hypotheses of Theorem l3.6l We conclude that after passing 
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to a further subsequence, there exists a compact manifold S with boundary, and 
diffcomorphisms fa : S — > 4>k(S) C m a T 1 (M) C S k with the following properties 

(1) u k (S k \fa(S)) C^(5)U(M\K), 

(2) u k ° fa\gg converges in C°° to an immersion, 

( 3 ) hW B %L<*Xu is uniformly bounded, 

(4) #Z UfcO fc is uniformly bounded. 

The first two properties are consequences of Theorem 13.61 and the last two are by 
construction. We now take a moment to recall our method of proof for Proposition 
13.111 we are assuming that either the number of critical points or total curvature in 
K is unbounded. However, after passing to a subsequence we see as a consequence 
of points 1, 3, and 4 above above, it is only possible for these quantities to blow up 
in the set = UgjOfjfa). This leads us to define the following 

§i,k ■= (Sk \ fa(S)) n u^ l (plg(ai)) and Uj ife = (u k) S itk) j k) J k ). 

We note that these curves have uniformly bounded area and genus, and each has 
image in O^fa). Also note that for each i = 1, . . . ,n we have dS^ k C ipk{dS), 
and by point 2 above, Uko4>k\ g -g converge in C°° to an immersion. Consequently the 
geodesic curvature K u * 9t of dS^ k C Si.k is uniformly bounded. Thus we let i>i tk := 
uV* be the approximations of u k I a guaranteed by Proposition 13.121 Arguing as 
before (i.e. making use of properties (EHJ) , (CO , and (E[S]) of Proposition I3.12[) we 
see that to complete our proof by contradiction, it is sufficient to show that 

(14) -/ K vJgh <C"<oo 

for all sufficiently large k. However, at this point we invoke the Gauss-Bonnet 
theorem, and find that 



K V *g h = -X(Si,k) + 



We have already argued that the last term on the right hand side is uniformly 
bounded, so it is sufficient to show that — x(Si,k) is uniformly bounded. However 
recall that — x(Si,k) = — 2 + 2 Genus (S^fc) + b, where b is the number of boundary 
components of S^k- However Genus(S'i j fe) < Genus(S'fe) < Cq, and dS^k C ^Jk(dS) 
and S has finitely many boundary components (and no /c-dependence), from which 
it follows that indeed — x(St,k) is uniformly bounded. This shows inequality (fT4|) 
holds, which in turn provides the desired contradiction, which completes the proof 
of Proposition [3~TT1 □ 

4. Proofs 

Here we prove some of the more technical results from the previous sections. 
4.1. Proof of Proposition 12.71 

Proof. We begin by fixing some notation. Let fa k : T> l r Sk be the maps guar- 
anteed by the definition of /Q G c-convergence, and define the maps 



ik,k '■= Uk o <p^ k : V 1 -> M and u it00 := lim Ui,k ■ Tt n -> M. 
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Note that T> rQ = T>\ Q ; in this case the superscript i simply enumerates the domains 
the the maps <pi.k- Note that since the limit is immersed and since the sequence 
is uniformly and robustly covered, it is possible to construct a refined uniform 
and robust cover which has the additional property that each Ui t k and Ui.oo is an 
embedding. 

Next we fix a smooth auxiliary Riemannian metric g on M which has the property 

(15) \\X\\- g < \\X\k lk9 

for all X = X q £ T q T> ra ; here g is the canonical Euclidean metric on T> rg . Recall 
our notation that if (W,g) is a Riemannian manifold, p € W, and e > 0, then 

Of(p) :={qeW : distaff) <e}. 

The proof of Proposition 12.71 is now split into three main steps: constructing the 
auxiliary manifold S, constructing (almost) reparameterizations ip k : S — > Sk, and 
then showing that these maps have the desired properties. We approach these steps 
in order, and begin with a rather technical result. 

Lemma 4.1. Fix r\ € (0, ro), and suppose p £ T>\ and p' £ T>° and 

(16) dist u « g {^i,k(p),4>j,k{p')) -> 0. 

Then for each 5 € (0, (ro — n)/16J and all sufficiently large k, the maps 

(17) <t>J,l°<f>i,k:0§ k9 (p)^0tt 9 (p') 

are well defined, and they are smooth diffeomorphisms. Furthermore, with p and 
p' as above and for which i!6\) holds, and for any points p 6 O s *'°° 9 (p) and p' G 
Cs J '°° 9 (p') wit h Ui,ao(p) = Uj t00 (p') we have 

(18) dist u - ff {<t>i,k{p),<t>3,k{p')) ->0, 

and the maps in with domains restricted to O s % '°° 9 (p) converge in C°° to the 
map 

(19) uJ,L °Gi,oc : 0f°° B {p) -> 0f™ 9 {p>). 
Proof. We begin by fixing ko G N so that for all k > ko we have 

dist u . s (4>i,k{p),<t>j,k{p')) < S. 

Next we note that 

(20) cj )hk :0;l k9 (p)^O u 2 l 9 (^ k (p)) 

is a diffcomorphism; this follows as a consequence of inequality f| 15[) , namely 

0§ k3 (p)cOl s (p)cV; o ; 

a similar statement holds with i and p replaced with j and p' respectively. Thus to 
prove the maps in (fT7|) are smooth diffeomorphisms, it is sufficient to prove that 

(21) <PiA°5 k9 (p))^^MK)- 

To that end, we fix p € V\ Q such that dist^* k g(p, P) < 2(5. It then follows that 
dist M * g (4>i,k(p), 4>i,k(p)) < 2<5. By p6[) and the triangle inequality, it follows that 
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dist„j 9 ((f>j,k{p'),<t>i,k{p)) < 3 <^ or in otner words 0;,fc(p) G O^f {(j) hk {p')) . How- 
ever, since 3<5 < (ro — ri) it again follows from ([T"5j) that 

(22) & ifc (p) e 0$ a (4> jtk tf)) c ^(OfjCp')) c 

Since p was an arbitrary point in O^s''" 9 ^), we see that we have proved (I21[) . and 
thus the maps in (|17[) are smooth diffeomorphims. 

To prove the next part of the lemma we assume that p € O't t '° o9 (p) and p' G 

Og j acS (p') with Ui.oo(p) = Mj,oo(p'): an d w e will show that ([T5]l holds. Indeed, 
since the sequences of maps u^fe and u^/. converge in C 00 , it follows that for all 
sufficiently large k, we have 

dist„* g {<t>j,k{p')Aj,k{P')) < 2<5, 
and thus by (flTj) we can define 

p' fc := <P7,t ° hAp') g oJi ,fc9 (p) c ^ (ro+3ri) /4 c p; . 

Passing to a subsequence, we may assume the p' fc converge to p^ 6 Pj. . We then 
find 

Ui.ooip'oo) = lim Ui,k(p k ) = lim u k Uj,k(p')) = %.oo(p') = «i,oo(/3). 

>-oo >oo 

However, since Ui.oo : — >• M is an embedding, it follows that p = p'^; conse- 
quently distfi? g (p,(j)~l o 4>j : k{p')) —> 0, and thus (T%|) holds. 

To prove the last part of the lemma, we observe that c/)J k o 0j fc = uT* o u i k 
which converges in C°° to uj}^ o Cti )00 . This completes the proof of Lemma E3~T1 □ 

For clarity, now we define 

Uij :=^n fir£, (ui.ooC^ )) and W« := v\ H (fi ii00 (P J ri )) ; 

we note that Uij is closed and contains the closure of Uij in V\. o . Next for 5 as 
above, and for each i, j e {1, . . . , n} for which Uij ^ 0, and for £ = 1, . . . , rriij we 
let pij£ € be points such that 

Tflij 

(23) ^cUOpWc^. 

Note that the finiteness of the {p^i, p%j%, ■ ■ ■} is a consequence of the fact that 
C Z>£ ^ s compact and Upew 0j l,ooS (p) is an open cover of Uij. Next we define 

p^ £ G 27^ to be the unique point for which Uj,oo{p'iji) = Ui j00 (pijt). Now, since 
the set of points {ptje} is finite we may pass to a subsequence (still denoted with 
subscripts k) so that for each pair {piji, pL^) one of the two statements holds: 

(1) Hrninf dist„* fl (<f>i,k(Pije),<j>j,k(Piji)) > 

(2) fe Hm dist u * s ((t>i,k(fiije),(t>j,k(Pije)) = °- 

Thus we may define -FV, C {pr/i, ■ ■ ■ , Pijmij} to be those points which satisfy the 
second condition. For convenience we also define P-j :— uj^ o Ui l0o {Pij)- As a 
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consequence of Lemma 14. 1[ it follows that the sets 

are open, and the maps denoted by uj^ o u,j are smooth diffeomor- 

phisms. We now provide a convenient characterization of the I4%j . 

Lemma 4.2 (characterization of Having passed to the subsequence as above, 
we suppose that p £ T> l ri , p' £ T> 3 r , and 

(24) liminf dist„* g U>i,k{p),<t>j,k{p')) =0. 

k— >oo " 

TTien p £ Uij, p' £ Uji, and Ui >00 {p) = Uj t00 (p'). Also, if p £ Uij, p' £ Uji, and 
Ui,oo{p) = U],oo{p') then 

(25) lim dist„ rg Ui,k{p),^j,k(p')) = °> 

Proof. As we shall see, this result follows quickly from the definition of the Uij and 
Lemma 14.11 We begin by noting that if p and p' are as in the first part of the 
lemma, and if (|24|) holds, then since the sequences of points iti,k(p) and Uj t k(p') 
converge, it follows that Ui <00 (p) = Uj <00 (p'), and thus p £ Uij and p' £ Uji. By 
construction, there exists Piji £ Uij and p\jt a £ Uji which satisfy the following: 

(1) Ui iO o{Pijl ) = Uj,oo (p'iji ) 

(2) distu* ^ g (p, pi j£o ) < S 

(3) either 

(a) Urn^ dist tt . g (<l>i,k{piji ),<t>3,k{p'iii )) = °- 

( b ) lmmfdist„. fl ((f>i,k(pijeo%<t>j,k(Ajto)) >0 

Since ([24)) holds it follow from Lemma [4.11 that property (3a) must hold. It then 
follows from the definition of the Uij , that p £ Uij , and thus p' £ Uji . 

To prove the second part of the lemma we note that if p £ U^ and p' £ Uji, 
with Ui t oo(p) — Uj.oo(p'), then again by construction there exist Piji £ Uij and 
p'iji £ Uji which satisfy properties 1, 2, and 3 above. Observe that since p £ Uij, 

it follows from the definition of the Uij that it must be the case that property (3a) 
holds. By Lemma |4~T1 it then follows that ([25]) must also hold. □ 

Later it will be convenient to have the following corollary at our disposal. 

Corollary 4.3. For each r^ £ (0,ri) there exists ko £ N and e > such that the 
following holds. If k > ko, p £ T> % r , p' £ 2?^ 4 , i ^ j , and 

dist„« g (4>i,k(p),(t>j,k(p')) < e, 

then p £ U^ and p' £ Uji. Furthermore, for each compact set V C Uij, and each 
open set O C T>\ for which uj^ o Uj i0 o(V) C O there exists a ko £ N such that 
4>i,k(V) C <j> j<k (0) for all k>k . 

Proof. Suppose not. Then for some r 4 £ (0,ri) (and after possibly passing to a 
subsequence) there exist some i ^ j and sequences of points pk £ T> l ri and p' k £ T> 3 Ti , 
such that 

(26) dist«*. s (<f>i,k(Pk),<t>j,k(p'k)) -> 0) 
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and pk (f. lAij. After passing to a further subsequence, we assume that these se- 
quences converge: pk — > Poo € 2?r 4 an d Pk P'oo 6 ^r 4 - By the uniform conver- 
gence of the Ui t k and Uj s k it follows that Ui.ooiPco) — Uj t00 (p' 00 ), or in other words 
Poo £ Wjj and p^ € Wji . Furthermore, 

dist„. fl (^ j)fc (/?«,), ^kOC)) 

< dist fi . ) .g(p fc ,p 00 ) +dist u » g {<t>i,k(pk),4>j,k{p'k)) + dis %. fe s(X,/4) 
-> 0. 

Thus by Lemma 14.21 we have p^ € Wy, but the latter is an open set, so pk £ Uij 
for all sufficiently large k. This contradiction completes the proof of the first part 
of the corollary. 

To prove the second part, argue by contradiction. Indeed, if the second part were 
not true, then there would exist a closed (and hence compact) set V C Uij and open 
set O C T>i which contains the image of V via uj}^ o i i;CO with the property that 
there exist arbitrarily large k £ N for which ^^(V) <j>j jOO (0). After passing to a 
further subsequence, one constructs a sequence of points pk C V which converge to 
Poo £ V and have the the property that 

liminf dist„* g (<t>i,k(Pk),<f>j,k ° uj^ o u i>00 (V)) > 0. 
However, this implies that 

liminf dist u * g (</>i,k(poo),4>j,k °^J,L ° «i,oo(A») > 0, 

but this of course is a contradiction since poo £ V C Wjj . This completes the proof 
of the corollary. □ 

We now define the topological space := U™ =1 P^ 1 / ~ where p ~ p' provided 
p £ Ui.j, p' £ Uji, and Ui j00 (p) = Uj t00 (p')- We now claim the following. 

Lemma 4.4. is a smooth manifold. 

The proof of Lemma 14.41 is elementary; we do not provide it here. We now turn 
our attention to constructing the desired reparameterizations of the Uk- To that 
end we define the local normal bundles E l Ui j00 (T> l ri ) with total space 

S i := {X £ T p M : p = « i)00 (p) and = {X, Y) g VY £ TpU^V^)}. 

Given a smooth unitary trivialization $^ : £ % — > «j )00 (X>£ ) x jj d i mM - dlm S' we can 
consider the map 

%( P ,X) :=exp^ rl(pX) (*;>.*)), 

which is a diffeomorphism with its image provided e > is sufHciently small; here 
S £ := {fljdimM-dimS . ||^|| < an( j exp s j s ^he exponential map associated to 
the metric g. Since i = 1, . . . , n, let us suppose that e is sufficiently small so that 
each of these maps is a diffeomorphism with its image, and let us denote these 
images by Af l . Recall that by construction the maps uj^ o £t i oo : Uij — > Uji are 
diffeomorphisms. Thus by construction of the 'J; we see that the maps 

fj 1 o 4^ : Ui j00 (Uij) xg ( 4 Uj,oo(Uji) x B t 
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are bundle isomorphisms. In other words these maps are homomorphisms (in fact 
diffeomorphims) for which pr x o^J 1 ° = pr 1; and the tyj o 1 i> i are linear maps 
on the fibers; here pv 1 is the canonical projection to the first component of the 
cartesian product. It will also be convenient to define the maps 

Tfi : M l -> V l ri by if* := o pr x otfr 1 . 

We also recall that the maps u^k := w& o <^ ife : P* — > M converge to Ui )00 > and thus 
it follows that for each r 2 G (0, ri) we have Ut,k(f r 2 ) C TV" 1 for all sufficiently large 
fc. Furthermore for all sufficiently large fc the maps given by 7Tj o {tj fc : P* 2 — >• P* 
are diffeomorphisms with their images. In fact, 

(27) WiOu iik ^Id in C^P^P^). 
Consequently, for each € (0, rz), and for all sufficiently large k, we have 

(28) Pj, 3 C TTi o tti >fc (Pj. 2 ) and if.o^ (P* 3 ) C P^ 2 , 
in which case we can define the maps 

ipi,k • T> % r3 ->• Sfc by := <A;,fc ° {^i ° Wj,*,) -1 . 

Fix r4 £ (0, r 3 ) and define the sets Uij :— P* 4 fl o Uj )0 o(23£ 4 nt/jj), and the 
smooth manifold 

Soo := U" =1 P* 4 / ~ 

where p ^ p' provided p 6 p' G and Uj i0o (p) = Uj ;00 {p'). With these 
definitions made, we now claim the following. 

Lemma 4.5. TTie maps ipi^ defined above, with domains restricted to T> Tl7 descend 
to smooth maps ipu '■ Soo - ► *Sfc. 

Proof. We begin by comparing the (j)i,k to the ipi,k- Indeed, by applying to 
each side of the second containment of (|28fl we see that 

(29) ^, fc (p; 3 )c^, fe (p; 2 ), 

and thus the maps ip~l o fc^ : P* 3 — > P* 2 are well denned. Furthermore, 

Ip^l ° = U>%k ° (fti ° U^fc)" 1 ^ o 

= 7T i o {t^ fe 

(30) ->• id in c°°(p* a ,p* 2 ); 

here the convergence in the last line follows from (j2"T)l . Consequently for all suf- 
ficiently large k, the maps ijj^k ■ P£ 3 ~> ^feC^) C Sfc are diffeomorphisms. 
Recall Lemma 14.21 which guarantees that if p 6 lA^ C , // G C l/j $ , and 

&i,oo(p) = %oo(p') then 

lim dist M . g U>i,k{p),<l>j,k{p')) = 0, 
and combining this with (|30[) yields 

lim dist M » s {i>i,k{p),i>j,k{p')) =0. 
We now claim that for all sufficiently large k, we have 

(31) ipj t k(Uji) C i>i,k(Uij) and ^j,k{Uji) C <f>i,k(Uij)- 
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Indeed, to see this observe that c\(Uji) C tiji, and <j>^ o ipjk — > Id, so that by the 
latter part of Corollary 14.31 we see that for all sufficiently large k we have 

<f>j,k ° 4>J,k ° ipj,k(liji) C 4>i,k{Uij). 

From this we conclude the second containment in (|3 1[) . The first containment is 
similarly obtained from 

Now let p G and p' G Wj-j with Ui j00 (p) = Uj iOC (p / ); to prove the lemma, we must 
show that ipi,k{p) = ^j.fe (/?')• As a consequence of ([3"T]l there exist p^ G such 
that ipi,k{p~k) = ipj^ip 1 )- However, observe that 

= Uj.oo ° w^<L ° pri o*/ 1 ° u fc(V^,fc(p')) 
= p^ o^t 1 o o ^r 1 o u k (i>j,k(p')) 

= pii o*^ 1 o U k (lpj,k(p')) 

= Mj.oo O 7Tj O Uk(lpj,k(p')) 

= «i,oo ° TTl ° U k (lpi,k{Pk)) 

= Uj.oc O 7Tj O O (j>i ik (lpi,k(pk)) 

= U^oo(pk)- 

Recall that Ui jOC (p) = Uj i00 (p'), and thus Ui y00 {pk) = Wj )00 (p), however Wi !00 is an 
embedding. Therefore pfe = p, and thus ipi,k(p) = V , i,fc(Pfc) = ?Aj,fc(p')j an( i thus the 
r/'ijk do indeed descend to maps 1/^ on S^. □ 

We are now ready to finish the proof of Proposition ^. 71 We begin by observing 
that the above results hold for all whenever < < r% < T2 < t\ < r. Since 
the <pi.k : T> % r Sk form a sequence of uniformly robust /C-covers, it follows that 
we may choose rg G (0, r±) so that the maps 4>i,k '■ Sk also form a sequence 

of uniformly robust /C-covers of the (uk,Sk)- We let K, C Int(M) be a compact 
set (the existence of which is guaranteed by the definition of a robust cover) whose 
interior contains /C and for which 

(32) u k (Sk \ U" =1 <K fe (2?; 6 )) C M\ 1C 

for all k. Next we observe that Uk o <f) i k — > Ui. oo in C°°(Z>j. ,M), and these limit 
maps descend to a smooth immersion : Soo —> M . We have also seen that the 
maps ipi t k ■ Ty l Ti — > Sk descend to ipk ■ Sqo — > Sk, and they have the property that 
the sequence Uk o ijjk : Soo — > M converges in C°° . We then fix r 5 G (7"g,r 4 ) and 
define S C Soo to be a compact regiorH for which 

uWPiAKJ c MS) c u^^fcC^J, 

for all sufficiently large k. We then note that by (|32|) we have Uk(Sk \ tpk(S)) C 
M \ K,. Thus all that remains to finish the proof is to show the maps ipk '■ S — > Sk 
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are diffeomorphims with their images. Since tp i k o fa k — > Id in C°°(2? r3 , £V 2 ), it 
follows that the tpk are immersions, and since dimS* = dim 5^ it follows that it is 
sufficient to show that the ipk ■ S — >• Sk are one-to-one for all sufficiently large k. 

To prove this, suppose not. Then after possibly passing to a subsequence, there 
exist sequences of points [pfc],[p' fe ] € S C with representatives pk G 2?* 5 and 
p' fc € T>l s for which neither z nor j depend on k, [p k ] ^ [p' k ], and ip^kiPk) = i'j^Pk)- 
Next observe that the V^.fc : f r 3 ~~ ► V'i.fe^ra) are diffeomorphisms for all sufficiently 
large fc (and similarly for j), so if i = j, then pj; = p^, and hence [pfc] = [p' k ] G 5 
which is a contradiction. Thus we henceforth assume that i ^ j. 

Since tpi t k(pk) = i>j,k(Pk) e and ^o^ iS . -> Win C°°(I?* 3 ) and similarly for 
j, we conclude that distu* ff \ ( t > i,k{pk)-,4>3,k{p'k)) ~ * 0. We then apply the first part 
of Corollary I4.3I and conclude that for all sufficiently large k, pk £ Uij PI T>\, and 
p' fe G W,i n D£ 5 . Consequently for all sufficiently large k there exist pk G My C P£i 
with the property that Ui,oo(pk) = ^3,00 Our goal now is to show that for some 
large k, we have pfc G T>\ . Indeed, if this were true, then ipi : k(f>k) is well defined; 
furthermore, pk G Uij n T> l r& and o Ui y00 (pk) = p' k G Uji H (in other words, 

pk G £4,), so that ipi,k(Pk) = ^j,fc(Pfe)' However by assumption ipi t k(pk) = ^j,k{p' k ), 
so ipi t k(pk) — ?Pi,k(p~k)', but for all sufficiently large fc, ip^ is a diffeomorphism with 
its image, so we conclude that pt = Pk- Then we would have shown that pk G 
My !~ll£ 4 , p' fe G U oi nl>4, and Ui,oo(pfc) = «j,ooG°fe). In other words [p fe ] = [p' fc ] G 5, 
which is the desired contradiction. 

We have so far shown that to complete the proof of Proposition ^. 71 it is sufficient 
to show that for some large k, we have pk G P* 4 . To that end, we pass to a further 
subsequence so that pk —> Poo G cl(Wy) R cl(U* ), and pfc — > p,^ G clfD'J. By the 
definition of pk and Poo, and the uniform convergence of the and Uj t k to an 
embedding, it follows that Mi,oo(Poo) = u*,oo(Ax>)- Consequently, for all sufficiently 
large fc we have p^ G P* 4 , and due to the discussion in the previous paragraph, this 
shows that we have completed the proof of Proposition 12.71 □ 

4.2. Proof of Proposition 13.91 

Proof. In what follows, it will be convenient to have the following notation: 
(33) E M := (R/2ttZ) x [0,/i), 

with p G IR + U {00}. We shall call the product metric g := dx 2 + dy 2 the standard 
metric on £ M , and [g] the standard conformal structure. We also abuse notation 
by defining £0 '■— (K/27rZ) x {0}. Also, by assumption S has a finite number 
of connected components, so without loss of generality we shall assume that S is 
connected. 

Much of the proof is standard, so we focus primarily on the less standard aspects, 
namely showing the existence of reparameterizations of the Uk ■ S — > M which have 
the desired boundary convergence. To that end we recall several important results. 

Lemma 4.6 (uniformization). Let (S,g) be a smooth connected compact Riemann- 
ian manifold of dimension two with boundary, and consider the finite setT C S\dS. 
If x(S) ~ t^-T < 0, then there exists a unique smooth geodesically complete metric 
h on S := S \ T in the conformal class of g such that Area^S*) < 00; furthermore 
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the Gauss curvature of h is identically ~1, and the boundary components of S are 
all h-geodesics. 

Proof. This is a well known result. A proof via variational partial differential 
equation methods in the case that T = = dS case can be found in [1 1 . The 
case with boundary can be treated by modifying the argument in to consider 
an associated Neumann boundary value problem. The case with punctures can be 
treated by removing disks of arbitrarily small radius centered at points in T and 
taking limits. □ 

Lemma 4.7 (conformal distance). Consider the half- cylinders E M endowed with 
the standard conformal structure and with moduli fi G R + U {oo}. Then for each 
number r > there exists a number £ — £(r) > with the following significance. If 
IA C is conformally diffeomorphic to Yi r , and So C IA, then C U. 

Proof. This is a restatement of Lemma 2.1 of [7]. □ 

Lemma 4.8 (quasi-conformal estimate). Let {S,g) be a two dimensional Riemann- 
ian manifold, and let be equipped with the standard metric and conformal struc- 
ture as above. Suppose furthermore there is an annular region A C S and a diffeo- 
morphism (but not necessarily conformal) ip : E M — > A for which 

sup WT^WWT^p^W <C<^; 

here \\ ■ \\ denotes the norm of a linear map between normed vector spaces. Then, 
letting mod[ g ](A) denote the modulus of the cylinder (A, [<?]) C (S, [g]), we have 

C~ l n< mod [g] (A) < Cfi. 

Proof. By the uniformization theorem, it is sufficient to prove the result for S = M 2 
with the standard conformal structure. The result then follows from Lemmas 2.3.1 
and 2.3.2 in [10]. □ 

The following lemma follows from a straight-forward computation. We state the 
result here for convenient reference later. 

Lemma 4.9 (model hyperbolic cylinders). The metric h := cosh 2 (t)ds 2 + dt 2 on 
R 2 , satisfies the following properties. 

(1) h is a hyperbolic metric; i.e. h has constant Gauss curvature equal to — 1. 

(2) If(S,h) is a two-dimensional Riemannian manifold equipped with a hyper- 
bolic metric h, and a : (sq, s±) —> S is an h-unit speed geodesic, and v is a 
continuous h-unit normal vector field along a, then h = <j)*h where 

4>{a,t) =exp£ (s) (ti/). 

(3) The metric h descends to (R/^Z) x R. Furthermore the map given by 

4> : (R/«) x R -> (R/2vrZ) x (-w 2 i' 1 , n 2 i' 1 ) 

4>(s,t) = ([27rf _1 s],27r£ _1 arctan(sinh(t))) 

is a conformal diffeomorphism for the conformal structures associated to h 
on the domain of </> and the standard Euclidean metric on the range of <f>. 

Let us now proceed with the proof of Lemma 13.91 
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Lemma 4.10 (convenient marked points). With (S,jk) as in Proposition lS '.9\ and 
S connected, there exists a sequence of finite sets I\- C S \ dS with the following 
properties. 

(1) #r fc = n 

(2) X (S) - #r fe < o 

(3) The hyperbolic metrics hk on S \ Tk guaranteed by Lemma \4-6\ have the 
property that each connected component of dS has length uniformly bounded 
away from and oo. 

Proof. Observe that if dS = 0, then Lemma [4.101 is trivially true, so henceforth 
we assume dS ^ 0. Letting ipi f. : E e = S 1 x [0, e) -> 5 be the maps as in the 
assumptions of Proposition 1531 we denote the metrics gik := {u]~oip i k )*g i k , which 
converge in C°° to the metrics gi tOC on S e . By the uniformization theorem (and 
possibly restricting the domains of the ipi t k) we may assume that for each i we 
have gi^oo = e^idx 1 + dy 2 ); in other words the limiting conformal structures on 
S e are standard. We then define := {^,^(0, e/4), ^ iifc (0, e/3), ^^(0, e/2)}, and 
Tk '■= Uil\fc. Since S is connected with at least one boundary component, it follows 
that x(5 r ) — 4f^k < 0; we then let hk be the hyperbolic metrics on S\Tk guaranteed 
by Lemma 14.61 

We now claim that the hk length of each boundary component of S is uniformly 
bounded. To prove this, we observe that since the [gi j0 o] — [g] on S e , it follows 
from Lemma l4.8l that each boundary component of S has an annular neighborhood 
of modulus at least e/5. Then Lemma [4.91 guarantees that the /i^-lengths of the 
boundary components of S are uniformly bounded. 

Before completing the proof of Lemma I4.10[ we will need to make use of the 
following result. 

Lemma 4.11 (hyperbolic neighborhood). Let S and tp^k be as in Provosition \3.9l 
and let Tk, hk, S e be as above. Let diS denote the i th boundary component of S , 
and define the open set 

0) k {dS) := K G S : dist^OSS) < 5}. 

Then there exists fi > and d^k > such that the Og k k (diS) are annular neigh- 
borhoods of the diS with modulus equal to [i, and are contained in every annular 
neighborhood of diS with modulus at least e/5. 

Proof. We begin by defining Sk '■— S\Tk, and the doubled surfaces 

2S k := (S k USk)/~ 

where ~ is the identification via the identity map alon^ dSk ■ Observe that since 
the components of dS are /i^-geodesics, it follows that the hk extend via reflection 
to smooth hyperbolic metrics on 25*^; we abuse notation by also denoting these 
metrics hk- Next note that there is a natural inclusion dSk 2Sk, and the image 
of the i th boundary component is a simple /ifc-geodesic of length 4,fe < C < oo. 
Next, it is straight-forward to show that the maps 

: ((K/4 fc Z) xR,h) -> (25*,^), 

^To be clear, dS^ = dS; or in other words dS^ does not contain the "degenerate boundary 
components" Tk- 
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defined as in property 2 of Lemma l4~9l (and associated to the simple closed geodesies 
diSk of length £i tk ), are isometric covering maps and hence conformal. Combining 
these maps with the conformal difFcomorphisms 

tp itk : ((R/i ilk Z) x [0,5), [h]) (S 27r |-i arctan(sinh(5)) , [g]) 

given by property 3 of Lemma 14.91 we observe that any annular neighborhood of 
diSk can be conformally lifted by (fi tk o <f>~^. to annular neighborhoods of So C £oo 
with the standard conformal structure. Next, observe that as a consequence of 
Lemma 14.71 there exists a /i > such that any annular neighborhood of So C £qo 
of modulus at least e/5 contains Thus to complete the proof of Lemma [4.11[ 
it is sufficient to show that there exist 6i jk > such that 

27T 

(34) - — arctan(sinh(5i i fe)) = fi. 

Without loss of generality, we may assume that [i < inf^fc 7r 2 £~^, however in this 
case arctanosinh is invertible, and the existence of the Si jk that satisfy equation 
(|34| follows immediately. This completes the proof of Lemma 14.111 

□ 

With Lemma 14.111 proved, we now finish the proof of of Lemma 14.101 Indeed, 
let L fc := f fc U {Ci,fc, • • . ,(n,k} where Ct,k = <t>i,k ° ^(0,^/2), and n, <j> i>k , and ip ijk 
are defined as in the proof of Lemma l4.11l By construction, properties (1) and (2) 
of Lemma l4.10l are satisfied. To prove property (3), we note that by definition each 
boundary component of S \ T k has an annular neighborhood of modulus fi/4 > 0, 
so again by property (3) of Lemma 14.91 it follows that the the /ifc-lengths of the 
components of dS are uniformly bounded. All that remains then is to show that 
the /ife-lengths of the components of dS are uniformly bounded away from 0. Note 
that if this were not the case, it would follow from property (3) of Lemma 14.91 that 
for any fixed 8 > 0, there would exist an i and k such that diS has a metric annular 
neighborhood 0^ k (diS) C S \ Tk of modulus as large as we wish (in particular, 
greater than e/5). But then 

where the equality follows by construction of <f> and tp, and containment follows 
from Lemma [4.111 since mod^ fc ] (®s k k > e /5 ^ assumption. However, this is 

impossible because T k n (j>i, k ° ^?7fc ^ by definition of T k and T k fl 0\ k (diS \ 
T k ) = as a consequence of the definition of h k . This contradiction shows that the 
/i/c-lengths of the components of dS are uniformly bounded away from zero, and 
thus the proof of Lemma HTO] is complete. □ 

Before proceeding with the proof of Lemma 13.91 we need one more technical 
result, namely the following. 

Lemma 4.12 (convergence near the boundary). Let \ik = {uk, S,j k , J k ), V'i.fci an d 
S e be as in the statement of Proposition \3.9\ ' also let ip.^ k and <pi^k be the maps 
defined as in proof of Lemma \4-H\ Then after passing to a subsequence, there 
exists 5 > such that the restricted maps 

Uk o 4>i,k ° vZk '■ s <5 -> M 

converge in C°°(Yi&, M). 
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Proof. Recall that by assumption the Uk oij)i,k converge in C°° , so to prove Lemma 
14. 121 it is sufficient to prove the ip7l o fa ^ o ip7l : £5 — > £ £ converge in C°°. 
To that end we treat these maps as pseudo-holomorphic curves with a real one- 
dimensional Lagrangian boundary condition. Indeed, we observe that for some 
S > we must have uniform gradient bounds, since otherwise one could "bubble- 
off" a non-constant holomorphic map from C (or the upper half plane) to a compact 
set in S 1 x M, which is impossible. Elliptic regularity then guarantees C°° bounds 
on £5, and thus by passing to a subsequence we have the desired C°° convergence. 
This completes the proof of Lemma □ 

Finally, we finish the proof of Proposition 13.91 The remainder of this proof is 
fairly standard, so we simply sketch the argument. We first note that by construc- 
tion, the marked Jfc-curves (vLk,fJ>k) with fi). := Tk are all stable, and these marked 
curves will remain stable even after more marked points are added. Next we note 
that either we have uniform /i^-gradient bounds on the Uk, or else we don't. If we 
do, then Deligne-Mumford compactness (and the uniformization theorem) guaran- 
tee the existence of a decorated nodal Riemann surface (S, j, p, D, r) and diffeomor- 
phisms <pk : S D ' r —> Sk such that properties (2) - (4) of Definition ^. Ill (i.e. Gromov 
Convergence) are satisfied. Elliptic regularity and Arzela-Ascoli yield property (6), 
or rather the desired C^ c -convergence away from nodes and boundary. Smooth 
convergence in boundary neighborhoods then follows from Lemma 14.121 Property 
(5), in other words Co-convergence on S D,r , then follows from Gromov's removable 
singularity theorem, monotonicity of area, and the uniform gradient bounds with 
respect to the hyperbolic metric. 

On the other hand, we may not have uniform /i^-gradient bounds on the Uk- 
In this case, one applies the usual bubbling analysis to guarantee the existence of 
a sequence of finite sets pu 7> Pk — r&, which satisfy the conclusions of Lemma 
14.101 and for which one indeed has uniform ^-gradient bounds. Note that as a 
consequence of Lemma [4. 121 we have disth fc (pk, dSk) > e > for some e > 
independent of fc. The arguments of the previous paragraph then apply, and we 
again conclude Gromov convergence. This completes the proof of Proposition 13.91 

□ 

4.3. Proof of Proposition HHH 

Proof. Fix e > 0. Recall Lemma T2.91 which guarantees that for each z S Z u there 
exists holomorphic coordinate charts <j> z :0 2 (z)cS4 O z (0) C C ~ R 2 and polar 
geodesic coordinate charts $ z : O z (u(z)) C M -> O z (0) C C" ~ R 2n which satisfy 
4> z (z) = 0, $,(«(«)) = 0, ($„ J)(0) =i=J , and 

o u o cj>- 1 (p) = (pi" , 0, . . . , 0) + F z (p) G C™ ~ R 2n 

where <j) z {C) = p = s + it, F z (p) — Ok :c +i(\p\ k * +1 ), k z > 2, and the sub-script z 
denotes dependance on z 6 Z . Consequently we make the following definition. 

Definition 4.13. Let go be the standard metric on M. 2n , and let g, Jo, F z , $ z , 

4> z , and u be as above. Then define eo > to be a positive constant for which the 
following hold. 

(el) eo < min(l, e). 

(e2) The sets B t0 {z) :— {£ € S : dist 7 (z,£) < eo} are pair-wise disjoint as z varies 
over Z u . 
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(eS) B eo {z) C O z {z) C S for all z g Z u . 
(e4) \F z (p)\ < e for all p g </> z (5 eo (z)) and z g Z u . 
(e5) B 3eo (u(z)) C O z (u(z)) C M for each z g Z u . 
(e6) \\dF z (p)\\ go < ilpl^" 1 for all p g <j> z (B eo (z)). 

Next define a smooth cut-off function /3 : M — > [0, 1] for which /3' < and 

«•>-{£ 5:1 1. 

Also define the following family of perturbed maps for S g [0, eo)- 

J "(0. ifCe5\U 2£ ^B eo (z) 

\ ^o^o^K), if CGB eo (z), 
where for each z g Z u we have v z : Z (0) C C ~ M 2 ->• C" ~ R 2 ™ given by 

UP) = * z o u o + (0, ^-^(H/ro V, 0, . . . , 0) 

where ro g (0, eo) has been chosen so that 

(35) V ro :={peC: \p\ < r } C f| z (S eo (z)). 

More concisely, our locally defined family of perturbed maps is given by 

v(p) = (/, tf*- 1 j8(|pl/r )p, 0, . . . , 0) + 

where F(p) = Ofc + i(|p| fe+1 ) and we have stopped denoting z dependance. We now 
take a moment to verify that the u are well-defined. Indeed, each v z is well defined 
on Z (O), so it is sufficient to show that v z ocj> z (() c $> z (O z (u(z))) for each z g -E u 
and C g (^(XVo), and that u(C) = o^o Z (C) for all C near dB e „(z) C 5. To 
that end, define v z := v z \ g _ an d observe that supp(t) z — t> z ) cD r C z (6 eo (z)) C 
C, and thus indeed u(() = ^J 1 ov z o<^> z (£) for all £ near dB eo (z) C 5. Also observe 
that since supp({i z — v z ) C £V > it follows that for p g P ro we have 

|*,(p)| < |p*'|+**"- 1 H \[3(\p\/r )\ + \F z (p)\ 
<rg' +r (5^- 1 + |F z (p)| 
< 3e , 

where we have made use of the fact that r , <5 < e < 1, and (^3}. Consequently, by 
(eO, we have v z o Z (C) C $ z (£> z (u(z))) for each z € Z u and C S (t> z l {T> ro ). This 
shows that the u are well defined perturbations of u. 

With the above perturbed maps u defined, our next goal is to show that for all 
sufficiently small 8 > 0, all six properties of Proposition 13.121 are satisfied. To that 
end, let pr^ : C™ — > C denote the canonical projection to the j th complex coordinate; 
by (^6j it follows that d(pi 1 ov)(p) = only if p = 0, and by definition of v we have 
d(pr 2 ou)(0) ^ provided 6^0. Consequently the maps v are immersions for all 
5 > sufficiently small. 

Observe that Property (E(T|) follows from (eJ2J) and equation (|3"5"j) . To prove 
Property (E©, we note that u -4 u in C ^, M) (moreover in C°°(S', M)) as 5 -> 0, 
and hence (EJ2J is also satisfied for all sufficiently small S > 0. 

We now prove Property (Ej3|). First observe that for any compact region K. C 
S \ Z u , we have u — > u in C (/C, Af) as <5 — >■ 0, and the limit is an immersed J- 
curve. Since the limit curve has J-invariant tangent planes, it follows that there 
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exists a 5' > (dependant on /C and eo) such that the desired estimate holds for all 
5 € (0, S') and X £ Tq with £ € K. To prove the result on the complement of /C we 
work locally and fix z € Z u and define g := $ z *.g, J := $ z * J, F :— F Zl k :— k Zl and 
u := To finish proving property (E(3]), it is then sufficient to prove the following 
lemma. 

Lemma 4.14. There exist constants 5' > and < r < ro/A (dependant on g, J, 
and F) with the following significance. If 5 £ (0,6'), \p\ < r, and X 6 v*(T p M. 2 ) 
with \\X\\g — 1, then 

Before providing the proof of Lemma 14.141 we first introduce some notation 
which will be useful later on. We will let C (resp. c) denote any sufficiently large 
(resp. small) positive constant depending on F, J, and g, but not S. Next, consider 
a plane V C T g lR 2 ™. Then we can define the g and go orthogonal projections 

Ejpj : T q R 2n -> V Uj q 3 ^ : T q R 2n -»■ P 

n^ 5 p) : T 9 M 2 " ->• n^™ } : T q R 2n -> P^™ . 

Note that we may identify each tangent space T 9 R 2n with R 2n via coordinate trans- 
lation, and in this manner we may regard the above projections simply as maps 
from R 2n to V, and r P ±g o C M. 2n . In particular, this allows one to add, sub- 
tract, compose, etc. these projections even with different {q,V). We clarify this 
last point. Without a fixed identification of the fibers T q M. 2n , the following quantity 
would be nonsensical: 

Moreover, even with the above identification defined, the following statements hold 
in general 

(36) <» m o<'/0 



(tuT) (q2,V) 

( 37 ) n fi,p)° n S,p)= ' 



The point of (|36p is that in general q\ ^ q2, and thus the inner products g\ and 



g\ need not be equal, and thus neither do the orthogonal compliments of V. Of 
course, if q\ = q2, then the non-equality in (|36l) should be replaced with an equality. 
Given this discussion, one may expect that in general (|37[) should be false, however 

the point here is that n^pj \ v = 0, independent of q. We make use of these facts 
below. 

We now abuse this notation for the application we have in mind. Indeed, for 
smooth immersions (p, ip : V ro cM 2 -> R 2 " we will use the notation 

n ^) =n tw,^(T^ ro ))' 

and similarly for the other projections. It will also be convenient to define the 
complex polynomial P(p) — (p k , 5 k p, 0, . . . , 0, so that for \p\ < ro/A we have 
v(p) = P(p) + F(p), where F(p) where F(p) = O k +i{\p\ k+1 ). With this nota- 
tion established, we are now prepared to prove Lemma 14.141 
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Proof of Lemma \4-14\ Let X be a g-unit vector tangent to the image of v, and 
define the following. 



Si : 



(T\ ±ao 



n 



£2 : = If, 



(P,TP) 

Jo)X 



l (Jo*) 



'-(v,Tv) 

£ 3 ■. = (ni*, -ni 9 ° 



(!•/ 



•fa. 



so that 

(38) (jx) = n^; TP) (j x) + e 1 + s 2 

Next we recall the estimates \v(p)\ < C\p\, \\g(q) — 9o(q)\ \g < C|g| 2 , and also 
\\J(q)- Mq)\\ go <C\q\, SO that 

(39) II&IU + INU<ch 

To estimate £i> we note that ||<iP|L = {\p\ 2k ~ 2 +S 2k ~ 2 )^ , and since P is a complex 
polynomial, it follows that the linear maps 



\dP\\^TP : T p l 



T P{p) R 2n 



are (fa-isometries. Furthermore ||dF|| fl0 < C\p\ k < C\p\\\dP\\ go , so 



\dP\\^TP- 



\dP\\- g ^Tv 



<c\ P \, 



from which it follows that 
(40) 

and thus 
(41) 



n 



-Lg 
(v,Tv) 



n 



(P,TP) 



<c\ P \, 



ZxWso <C\p\ 



Lastly, we observe that since P is a complex polynomial, Jo preserves the tangent 
and go-normal bundles along the image of P; consequently Jq and n^p° Tp ^ commute. 



It then follows from (gDJ that 

(42) ||n^ TP) (J X)|| ffo <C|p|. 
Combining the above inequalities then yields 

\\{JX)^\\ ga <C\p\, 

which then proves Lemma f4.141 and completes the proof of Property (E(3]). □ 

Observe that us — ?> u uniformly in C 1 (5', M) (in fact, in C°°), and S is compact, 
so that (ESJ follows immediately. 

We now move on to the proof of Property (E[5]). Here we consider two cases: 
compact sets of T> ro \ {0}, and small neighborhoods of £ 2? ro . We handle the 
former case first. 

Lemma 4.15. For each compact set K. C T> ro \ {0}, there exists 8' > with the 
following significance. For each 8 G (0,8'), the following estimate holds for all 

peK." 

Kv'g(p) < Kv'g{p) + £• 

Proof. Observe that v — >• v in C°°(D ro , R 2 ") as 8 — > 0, and v is immersed on 
V ro \{0}, so Kq* s — > K v , g in Cj£ c (D ro \{0}, M 2 ™). The result is then immediate. □ 
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The proof in the case of neighborhoods of is more complicated, however we 
claim it follows quickly from the following technical result. 

Lemma 4.16. There exist constants < r < ro/4 and 5' > 0, which depend on F 
and g (but not S) with the following significance. For all 5 £ (0,5') and p £ T^r , 
the following inequality holds. 



(B(v s ,V a ),B(v U Vt))g JX7nl 2 

p- -^-x-p <e+ sup 5 ||tr n JVJ|| 5 , 



JV„=V„ 



with notation as above. 



Before proceeding with the proof of Lemma T4. 161 let us use it to finish the proof 
of Property (E[5]). Indeed, recall that Gauss equations for for immersed surfaces 
guarantees that 



\\vsAv t \\ 2 ~ \\v s Avt\\j 
< svtp \K sec (q)\ + sup i||tr P<! JVJ||? + e, 

JV q =V q 

which is precisely the desired result. Thus to prove Property (E[5]), all that remains 
is to prove Lemma 14.161 To that end, we will make use of our notation from the 
proof of Property (E(3|) concerning the g-orthogonal projections n7.) and Ilf 
Furthermore, for the remainder of the section we will regard v s ,v s , v ss , v ss , etc. as 
either vector fields along the image of v or v (as appropriate), or else as maps from 
T> ro to R 2 ™, with the distinction determined by context. Consequently, we may now 
write the following 

B v (v S: v s ) =U^ Tv - ) (V Vs v s ) and B$(v 8 ,v a ) = n^-^V^Ws), 

and more importantly it will allow us to estimate quantities like the following: 

Here, as above, go is the Euclidian metric, and V is the Levi-Civita connection 
associated to g. We locally define the (1, 2) tensor T by the following. 

V X Y = dY(X) + T(X,Y), 

where X, Y are vector fields on R 2 ™ . As above, it will be important to track the 
point q £ R 2 ™ at which V is evaluated, and we denote this T q (X,Y). Abusing 
notation as before, we will also write T V (X,Y) = T v t p \(X,Y). 

We are nearly ready to prove Lemma 14.161 but we need just a few simple esti- 
mates, which are collected in the following result. 

Lemma 4.17. For all p £ D c , the following inequalities hold: 

(43) {i-c\ P \)\\v s \\ ga < \\v t \L < (i + cVDINU 

(44) IKII^CKUs 

(45) \\v t \\g<C\\v t \\s 

(46) [[«.yi* t ||g<(l + C|p|)||0 a A7) t ||5. 
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Proof. We begin by observing that g(q) — go(q) + 0(\q\ 2 ), and |t)(p)| + |t>(p)| < C\p\, 
so it is sufficient to prove the above estimates with g replaced with go. Next recall 
that P(p) = (p k ,S k - 1 p,0,...,0) and thus v = P + F, with F defined at the 
beginning of this section. Observe that 

(47) ||F t || fl0 + ||F S || S0 < C\ P \ k < C\p\{\ P \ 2k - 2 + 5 2k ~ 2 ^ 
and 

(48) l|i'.L = (|p| a *- a + ^ fc - 2 )' = II^IL- 

Consequently, for all /j£D c we have 

(49) (1 - C\p\){\p\ 2k - 2 + 5 2k - 2 )^ < mindlfi.lU, ||« t || fl0 ), and 

(50) maxdlfi.lU, \\v t \\ go ) < (1 + C|p|)(|p| 2fc - 2 + S 2k ~ 2 )i; 
inequalities (|43p are immediate. Also, 

(51) lkll 90 + IhlU < c^- 1 < c(\ P \ 2k - 2 + s 2k - 2 )K 

Combining this with (l49l) proves inequalities (j44j) and (|45|) . To prove (|46|) . we note 
that {P s ,Pt) ga = since P is a complex polynomial; then by using (|47|) - (|49|) we 
have 

\(v s ,vt) go \ < \\F s \\ go \\F t \\ go + ||P s || fl0 ||F t || 90 + ||P t |U|F s || 90 
<C|p|||fi.|| flD ||fi t || fl0) 
for all p G T> c . Consequently 

ll« S A« t ||^ = ||^||^ ||«t||^-(f) Sj ^ D 
>{\-C\p\ 2 )\\v s f g Jv t f go , 
and inequality ()46|) follows immediately. □ 

The following result will also be important in the proof of Lemma 14.161 

Lemma 4.18. Let (u,S,j,J) be an immersed J -curve in an almost Hermitian 
manifold (M, J,g), let Q € S, and let (s,t) be local complex coordinates around £ so 
that u s + Ju t = 0. Then 

(V Us m s + V Ut u t ) =0, 

where V is the Levi-Civita connection associated to g, and X i— > X T is the orthog- 
onal projection to the tangent space of the image u. 

Proof. We compute 

(V Us u s + V Ut M t ) T = (V Ub u s + V Ut (Ju s )) T = (V Us u s + JV Ut u s ) T 

= (V ns u s ) T + J{V Us u t ) T = (V ns u s ) T + J 2 (V Us u s ) T 
= 

Where to obtain the second equality we have employed the Leibniz rule, together 
with the fact that ((VJ)u s ) T = 0. Indeed, this result follows from the fact that 
the tangent planes of the image of u are J-invariant, and ((VJ)X,X) = = 
((VJ)X,JX). This latter result is elementary, and a proof can be found in [3]. 
The remaining equalities are then standard. □ 

With our preparations completed, we now finish the proof of Property (EE}. 
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Proof of Lemma \4-16\ We begin by defining 

(52) £1 ■= (n^ Tfi) - n^) on^f^) 

(53) £f := U^ Tij) (U(v s ,v s )) - n^ Ti:) (T v (v s ,v s )). 
Recall that n^ s T{) ^ o U^ v 3 Tjj ^ = 0, and thus 

(54) n^ rc) (« ss ) = f 1 s + n^ ) ( Vss ). 

Recall that for any < r < ro/4 and p £ V r we have /3(\p\/ro) — 1, so it follows 
that v — v is a linear function on 2? ro , so u ss = v ss . Consequently, 

Bt(v s ,v s ) = n^ Te) (V V3 v s ) + £{ + £ s 2 . 

Next we estimate the £ s terms. First note that max(\v(p)\, \v(p)\) < C\p\ for all 
p £T> C . Combining this with ||r g || So < C\q\ yields 

(55) \\r v (v s ,v s )\\ go + \\r c (v s ,v s )\\ go < c| P |(|K|| 2 + \\v s f ga ), 

and thus by (|4"4")l we have 

(56) m\\ ao <C\p\\\v s \\ 2 go . 

To estimate £i, we first recall that g{q) = go(q) + 0(\q\ 2 ), and thus for any plane 
V c M 2n ~ Tl 2 ", we have 

for any q\,qi £ K 2n with max(|gi|, \q^\) < c. Combining this with our estimates for 
v, v, and T yields the following: 

' T \v,Tii) V'"*«^ll9o 



llffllgo <c|p| 2 lint 5 Tfi) K 



,|3|L, 1 1 2 
I So' 



<c\p\ 2 \\n^ Ti) (^ Vs v s )\\ 90 + c\p\ s \\v s 

Combining these inequalities then yields 

\\£ s i\\ 9 o + l|£f IU < C\p\(\\U^ Te) (V Vs v s )\\ go + \\v s \\l). 

By replacing s with i above, one may define £ | and and prove 

Bv(v t ,v t ) = n^ T „ } (V Vt v t ) + £\ +£l 

with similar estimates for the £' terms. We now employ Lemma T4. 181 and the fact 
that H := tr B = trj- JV J, to obtain 

V„ a u s + y vt v t = J{Vv 3 J)v s + j(y Vt J)v t , 

and consequently 

niW^*) = -n^ T<)) (v .«.) + n^ T4)) (j(Vv.J)«. + J(v^J)^), 

and 

ll n JW v ^*)ll§ < l|n^ T4)) (V .i;.)|| 3 + C||«.||2. 
Combining this with f4"5)l and our above inequalities then yields 

2 

(57) £ (||£f || fl0 + II^Lo) < CH(||n^ T<)) (V„.7; fl )|| fl0 + \\v s \\l). 
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For clarity, we then define 

£ s := £f + £|, S* :=£t + £l £ := max(£ s ,£:*) 

V := n^ Tfi) (j(V,, J)v. + J(V Vt J)v t ), 

so that By(v s ,v s ) = X s +£ s , By(v t ,v t ) = X t + S t , and V = X s + XK Finally, we 
can estimate 

{Be(y a ,v a )Mv u v t ))- g < ~\\X% + \\X%\\V\\ g + 2\\£\\ g \\X*\\ g 

+ \\£U\vh + ¥\\l 



g\\ lis ^ 

tt s ii? 4- n\ n \\\t> 



<\\\V\\l + {-\ + C\p\)\\X% + C\p\\\v s t 



Recall that (1 — C|p|)|K||g < ||w s Aw t |||, so that if \p\ is sufficiently small (depending 
only on the g, J,F, and e, but not S) we find that indeed 

{B v (v s ,v s ),B v (v t ,v t ))g , , I,, r , n t\ . jn-j n t |,2 
- 2 -<e+sup sup | J(V e J)e + J(V Je J)Je 1 

IK A Ut ||J ,eMe6T,M 

l|e|| S =l 

which is precisely the desired inequality. This completes the proof of Lemma I4.16[ 
and hence Property (E(5]) is proven as well. 

□ 

We now move on to proving Property (E[6]) . We begin by showing that Gaussian 
curvature K u * g : S\Z U — >• R is integrable. Since K u » g is defined and smooth on the 
compliment of the set of critical points Z u C S, it is sufficient to prove that K v * g 
is integrable on T> r . To that end, recall that the Gauss equations for immersed 
J-curves guarantee that K v * g is uniformly bounded from above in terms of VJ 
and the sectional curvature of M. Since Are& v * g (T> r ) < oo (more precisely, T> r has 
finite measure), it follows that a modification of the of the monotone convergence 
theorem guarantees that K v * g is integrable whenever 

lim / K v *g > — oo. 

JT> r \V a 

To show this integral is finite, we define for each a > the parameterized paths 
a, a : R/2ttZ -> R 2 ™ by 

a{6) : = v{ae l6 ) 

= (a k e ik6 ,0,...,0) + F(ae ie ) 

a{6) : = (a k e ik8 ,0,...,0). 

Along the image of a we define the vector field v{9) € X^^R 2 ™ to be the unique 
"inward pointing" (/-unit vector field which is tangent to the image of v and g- 
orthogonal to v(dT> a ). We similarly define the g^-xmil vector field v along the 
image of v, which can be explicitly written as 

u(6) = -(e ik9 ,0,... ) 0). 

Using g(q) — go(q) — 0(\q\ 2 ) and ||r 9 ||j < C\q\ it is straight forward to show 



Qfllfl 

27T /V7 ~,/ , A / 1 27T 



II" \\g Jo II" \\g 



< Ca. 
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Furthermore, letting K v *g denote the geodesic curvature of dT> a , and applying the 
Gauss-Bonnet theorem, we find 



2nk 



( / K v*g) - ( / 



2nk 



2nk 



2zr 



< Ca- 
= Ca, 



o 



2tt /-// 



which tends to zero as a — > 0, and hence the K u * g is integrable on S 1 . Moving on 
with the proof of Property (CO, we again let Z u C S denote the set of critical 
points of u, and B e (z) := {C S 5 : dist u » g (z,£) < e}. Then we break the open set 
IA <Z S into three regions: 

W x = (J B e {z) 



U 2 =UD ( [j B e (z)\Ui 
\zez i 



U Z =U\{U 1 UU 2 ). 
Note that by construction, for all ( £ W3 we have = u{Q, and thus 

(58) - / K u , g = - [ K*. g . 

JUs JU 3 

Next, we fix e' > and note that since K u * g is integrable and Property (ETTJ holds, 
it follows that without loss of generality we may assume e > is sufficiently small 
so that 



(59) 



max — 



(- / K u . g - j K u . g ) < W 



\K u * g \ <e'/3. 



Since Area u * g (5 l ) is finite, it follows from Property (E[l|) that without loss of gen- 
erality we may assume that e > is sufficiently small so that the following holds: 



(60) 
where 

Consequently, 



(e + C g 

corn- 

)Aveau* g (u zeZu B e (z)) < e'/3, 



Cgeom ■= sup \K sec (q) \ + sup || tv-p q JVJ| 



qeM 



qEM 
JV a =V a 



(61) 



/ Ku-g < (e + C geom ) Area fi . 9 ( U zeZu B e (z)) 
< e'/3 

<2e'/3 + / K u , g . 
Ju 2 
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Lastly, recall that the definition of u guarantees that for every £ G dB e (z) with 
z G Z u we have u(C) — u (0- Thus we compute 

Ku*g = — 27T + / K^ g 

= -27T + / K U >g 

JdB t (z) 

(62) ->-27r(fc-l) 

as e — > 0. Recall that k — 1 = ord(z), so by integrating over Wi we find that for 
sufficiently small e > we have 

(63) (1 - e')2n £ ord(z) < - / JT^. 

Combining (l58l) . (|59| (|6ip . and (f63|) yields the desired estimate: 
(f - e')2n E - / K -9 < e ' - / 

This completes the proof of Property (E(6]) as well as Proposition 13.121 □ 
4.4. Proof of Proposition 

Proof. The proof of Proposition 13.131 consists of two main parts. The first part 
consists of passing to the desired subsequence and constructing the finite set S 
and showing the first part of the proposition holds. The basic argument here is 
to construct the subsequence and S by iteratively passing to further and further 
subsequences with #5 getting larger in each subsequent iteration. We then argue 
that if #5 is arbitrarily large, then by monotonicity the Sk must have arbitrarily 
large area, which is a contradiction. The second part of the proof consists of a 
covering argument which reduces the problem to showing that the integral of the 
Gaussian curvature on disks cannot be arbitrarily negative; we prove the reduced 
problem by recalling a differential equation which relates the area of an intrinsic 
disk to the integral of the Gaussian curvature on said disk, and conclude that since 
the area is a priori bounded, so too is the desired integral. 

Moving on to the actual proof, we note that since the Uk are robustly /C-proper, 
there exists a compact set ICi for i = 1,2 such that 

K := K, CC Ki CC K, 2 CC M, 

and for which the Uk are robustly /C2-proper. Next we fix Sq > such that the 
following conditions hold. 

(1) 0% So {K.i) C for all k G N and i G {0, 1}. 

(2) 10 1Q 6 Q < min (Coo 1/2 , mf^ 2 inj^(g)), where 

Coo := 2 + sup \Kf ec (q)\ + sup \\VJ\\ 2 g . 

(3) for each p G /C2 and gfc-geodesic polar coordinates (a; 1 , . . . , x 2n ) centered at 
p for which Jk(p)d x i = d x i+ n for i — 1, . . . ,n define the differential forms 
Li p and A p on O p := 0^ Sg (p) by 



: = J2 7 Lidx l A dx i+n and A p := ]T™ =1 3;W+ r ' 
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We then require that So > is sufficiently small so that 
sup \\\ p \\ L °°(o p ) < 1, sup \\u} p \\l<~(o p ) < 2- 
fceN fceN 

and 

inf If -Cj p (X, JX)/\\X\\ 2 \ < IQ- 10 . 

q£O p 
XeT q M\{0} 

We now aim to prove the following: 

(*) After passing to a subsequence (still denoted with subscripts k), there exists 
a finite set S C M with the property that for each 5 G (0, So) there exists 
an e > and fco G N such that if k > ko and Vk(C) G /Ci \ 9 & k (S) then 
mjgf (C)>e. 

Since by construction C^(/C) C /Ci, we see that if (*) holds, then the first part of 
Proposition 13.131 is true. To find the set S and the desired subsequence one can 
argue iteratively in the following way. Define Sq := 0, and find a sequence Ci,fc G S^ 
which has the property that a subsequence (denoted with subscripts ki) satisfies 

^fel(Cl,fei) € (Cl.fci) -> 0; and 1™ «fci(Cl,fci) = : °\ $■ ^o- 

i k±— yoc 

Define Si := Sq U {oi}, and pass to a further subsequence (denoted with subscripts 
fo) and find a sequence C2,fc 2 G S 1 ^ which has the property that 

u fe 2 (C2,fc 2 ) G £1, inj^ 2 ^ 2 (C2,fe 2 ) ->0 and lim ^ 2 (C 2 ,fc 2 ) =: 02 £ <Si- 

Define 1S2 := <?i U {172}, and iterate. Of course if the procedure terminates after 
a finite number of iterations, then (*) is true; otherwise one can construct a sin- 
gular set S no with no distinct points in /Ci for no arbitrarily large. To derive a 
contradiction, we assume the latter, in which case we conclude that there exists 
a point p G JCi, a k G N, a 5' satisfying < 8' < min(f, 5 )/10 10 , and points 
{Ci, ■ • ■ , Cnol C Sk for which the following hold 

(1) n > C G + 8C A /(nS 2 ) 

(2) v k (( i )eO 9 s k (p)foxi = l,...,n , 

(3) mm i7 tj dist gk (v k (Ci),v k ((j)) >S', 

(4) f 1O £fc < irS' 2 < min(l, 6') where Vk is the immersed approximation associ- 
ated to the pair (u k , £fe). 

(5) injg 9fc (0, fe ) < imin(^,C- 1 ,5 ) =: e'. 

(6) su PgeM |J^f£ c ( Q )| + sup geM ||VJ fc ||2 fc + 1 < Coo 

Since 5o can be chosen from an open set, we may assume without loss of generality 
that the "trimmed" J^-curves given by 

u fc := (u fe , Sk,jk, Jk) with S k := 1 (Of So {jpj) 

are compact curves with smooth boundary, and dSk = u^ 1 {dOfg (p)) . Such a 
choice is possible since the u k are robustly /C 2 -proper and 9 q Sq (/Ci ) G /C 2 . Recall 
that by property (E[5]) of Proposition I3.12[ it follows that the Gaussian curvature 
K v *g k (() is uniformly bounded from above by for all C G Sk', since it's the 

case that inj^ 9fc (Ci) < C^ 1 < Coo^ 2 , it follows that for each i = 1, . . . , no, there 
exists a simple ^g^-unit speed geodesic on : [0, lj\ — > Sk such that Ci = c*i(0) = 
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di(li) and Length * = t{ < 2e', and the aj are pair-wise disjoint. Note 

that in general a£(0) ^ a^O- Observe that need not be connected but it has 
finitely many connected components; furthermore if we consider the (non-compact) 
manifold Sk and recall Definition 12. 2[ we see that one of the two scenarios 

must occur: 

(1) Genus(S* fc ) > Genus(Sfc \ «i) 

(2) the number of connected components of Sk \ ol\ is strictly larger than the 
number of connected components of Sk ■ 

Indeed, in general removing a simple loop from a surface either decreases its genus, 
or increases the number of connected components. Since the genus of the Sk (and 
hence Sk) are bounded by Cq, and the a.^ are pair-wise disjoint and simple, it 
follows that Sk \ U™^ 1 ai has at least n\ := n — Cq + 1 connected components of 
zero genus which have non-trivial intersection with v^ 1 (Ojfo* (p)) ; we label these 
connected components S l for i = 1, . . . , n\. We now make the following claim. 

Lemma 4.19. For each i — 1, . . . ,m, the connected component S l has non-trivial 
intersection with v^ 1 {dO^® 1 * (p)) . 

Before proceeding with the proof of Lemma [4.191 we use it to finish the proof of 
of the first part of Proposition 13. 131 Indeed, as a consequence of the above lemma, 
it follows that for each i = 1, . . . , m we have v k {dS l ) C O^g (p) U d0^g g (p), and 
there exists a Q[ £ S l with the property that dist Sfc \p,Vk{Qi)) = 3<5o- We conclude 
from the monotonicity of area (Proposition 13.41) . that ttSq/8 < Area u * flfc (S l ). It 
then follows that 

(n - C G + l)^ 2 /8 < EZi Arca u . 9fc (5 l ) < Area u . 9fc (5 fc ) < C A , 

which is the desired contradiction. The proof of the first part of Proposition 13.131 
will be complete once we prove Lemma 14.191 To that end, we will make use of the 
following lemma. 

Lemma 4.20. Let (M,J k ,g k ), 0^ So (p), (u k , S k ,j k , J k ), C A , v k e k , tip, and X p 
be as above. Furthermore, let U C Sk be an open set for which Vk{U) C O^^p). 
Then 

I Area ^g fc (W) - v* k ujp\ < - Area„. fffc (U). 

Proof. Let £ be a unit vector tangent to the image of v. Define another tangent 
vector F := ( JE) T /\\ ( JE) T \\ which is orthonormal to E; here X H> X T is the 
orthogonal projection to the plane tangent to the image of v. Recall that J k is 
a (jifc-isometry, and IKJ-E)- 1 !! < by property (E[3]) of Proposition 13.121 so it is 
elementary to show that 1 — < ||(Ji?) T || and || JE — F\\ < Employing our 

above estimates for w, we then find 

|l - u(E,F)\ < |l - u(E,JE) \ + \lj(E,JE -F)\<-. 

The desired result then follows immediately by integrating. □ 

Proof of Lemma \4-19\ Suppose not. We let &(S % ) denote the metric compactifi- 
cation of (S l , v^gk). For example, if Sk is a torus, and S z := Sk \ ai is an open 
cylinder, then cl(S") is a compact cylinder - not a torus - with piece- wise smooth 
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boundary. Note that each boundary component of cl(S l ) is a copy of the piece- wise 
smooth geodesic on for some I € {1, ... , n\}. There are several cases to consider. 

Case I: dc\(S l ) — 0. In this case S l is closed, and Vk(S l ) C O 3 ^ (p) on which 
u! p — dX p . As a consequence of Lemma [4.201 we see that Area„* gfc (S l ) = 0, and 
hence Vf. : S l — > M is a constant map. This is not possible since the v k are 
immersions. Contradiction. 

Case II: dcl^S 1 ) has exactly one component. By assumption S l has zero genus, 
is connected, and has empty intersection with v k ~ 1 (dOlg (p))- Consequently S l is a 
disk with with boundary component on. Let 9q G [— vr,7r] denote the exterior angle 
between aj(0) and ot'Ali). But then we compute the following. 

7T < 2vr - 6 = / K v * gk < Coo Area^g, (S l ) 

< 2Coo / v^lo — 2Coo / WfcA 

JS* JdS 1 

< 2C OQ l l < ACooeo < 1 

which is a contradiction. 

Case III: dcl(S l ) has exactly two components, each of which is a copy of the 
same on. In this case c^S* 1 ) is a compact cylinder, and S l U on is a torus. As in 
Case I, it follows that is not generally immersed, which is a contradiction. 

Case IV: dcl(S l ) has at least two components on and otj with I =/= j . In this case 
we note that there exists a ( E 5' such that 

mindist gfc (ufc(C), u k {m)) > S'/W. 

By the monotonicity of area, Proposition 13.41 and property (EHJ) of Proposition 
I3T21 it follows that 

(64) Area^ (S l ) > ir5' 2 /(2 ■ 10 2 ) - e k > S' 2 /10 3 . 

However, we note that c\(S t ) can have at most 2no geodesic boundary components. 
Thus we compute 

Aie& vlgk (S l ) < 2 / vlu) = 2 / v* k \ < 8n e' < S /2 /10 s , 

JS' JdS i 

but this contradicts (JM]). 

Thus we see that all possible cases lead to contradictions, and thus we have 
completed the proof of Lemma T4. 191 □ 

We have completed the proof of the first part of Proposition 13.131 - indeed, we 
have proved more, namely the statement (*). We now turn our attention toward 
proving the second part of Proposition 13.131 namely we will show that for each 
< 6 < Sq/2 there exists a C > such that for all sufficiently large k in the 
subsequence, we have 

- / K K3k < C, where S s k := v^ 1 ( Int(/C) \ Of(S)) ; 

To that end, we begin by fixing 6 £ (0, So/2), and let S C M , ko G N, and e > 
be the set and quantities guaranteed by (*); furthermore we henceforth assume 
that we have passed to an appropriate subsequence. Observe that as a consequence 
of properties (Ed]) and (E(S|) of Proposition 13.121 it is sufficient to show that for 
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each there exists a Ck > 0, n' > , <5' > 0, and open sets 0\ k9k (Ci.fc) C Sk for 
i = 1, . . . , rik (all depending on <5) such that 

(65) S? c[jOir(C hk ), 

(66) n k < n' Ql 

-l/2\ 



To that end, we fix 5' such that < 65' < min (e, 26, Coo ) • For each k > fco choose 
Ci,fc G •S'^' 5 , for i = 1,. . . , 7ifc, so that the sets C^/ fc£,fc (Ci.fc ) are a maximal collection 



of disjoint sets. In other words, we choose the £i,fc so that the sets 0" s * 9k (Ci,fc) are 
pairwise disjoint, and so that if £ G , then O v } 9k (Ci, fc ) n O^ 9 " (C) ^ for some 
i G {1, . . . , nfc}. Note that since G and since 65' < e it follows from (*) that 

Or l9k (Ci,k) is a disk for all r e (0, 65']. 

We are now ready to show that (|B"51) holds. Indeed, suppose not; then there 
exists C G 5jf such that ( <£ U^O^^i.fc). By the triangle inequality, it follows 
that O v s l 9k {C) n 0$ 9fc (C»,k) = for i = however this contradicts the 

maximality of the of 9 " This proves ([65]) . 

We now show ([66]) holds. Recall that since it's the case that the O v ^ 9k (d,k) C 
are pair- wise disjoint for i = 1, . . . , rik, and since it's the case that Area„» gfc (Sk) < 
CU, it is sufficient to show that there exists a constant c > 0, which is independent 
of k, such that Area„* g) . (C^, fcfffc (Ci,fc)) > c - To that end, we define the functions 

A(r) := Area„. gfc (O^ 9 * (&,*)) and £(r) := Lengthy (00^* (&,*)) • 

By the co-area formula we recall that -§^A(r) = C(r). Furthermore the variation of 
volume formula and Gauss-Bonnet theorem yield 

(68) —L{r)= ( . Kv , =2-k-{ K Kgh . 

Thus .4 satisfies the following differential inequality. 

(69) A(0)=0, A'(0) = 0, A"(r)>2Tr-C 00 A(r), 

with Cqo defined as above. We now claim the for all r G [0,6(5'], we must have 
-4(r) > 7rr 2 /2. Indeed, if this were not the case, then for some ro G (0,65'] we 
would have A(r) < nr^/2 for all r G [0, ro]. But then the inequality in yields 

A"(r) > 2vr - Coorrrg/2 > 3vr/2, 

where we have used the fact that ro < 66' < Coo ■ Integrating up then yields 
A(tq) > Sirr^/A which contradicts our assumption that -4(ro) < nr^/2. We con- 
clude that A(r) > vrr 2 /2 for all r G [0,6(5']. Moreover, Area^ [O v s l 9k > 
7T(5' 2 /2, and by our previous discussion, we see that (|66|) holds. 

All that remains to complete the proof of Proposition 13. 131 is to show that ([67]) 
holds. To that end, we suppose not. Or in other words, for every Ck > 0, there 
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exists i and k such that 

(™) K Kgk >C K . 

Our above discussion shows that A satisfies the following integral equation and 
subsequent inequality 

A(r)=irr 2 - f f ( f K v * gh )dsdt 
Jo Jo K Jo s k9k (c lik ) ' 

(71) >nr 2 -±C 00 C A r 2 + f /(/» Coo - K vlBh ) dsdt. 

Jo Jo y Jol k3k (( z , k ) ' 

Since we have the point-wise bound Coo > Kv*g k , the triple integral in (|71[) is a 
monotone increasing function in r. Consequently 

K v * gk > Ck [ . (Coo - K v *g k ) > I r jf r >or/' 

and thus 

1 „ „ o { if r < 35' 



A{r)>vr ~-CooC A r +| 1^ ( r _ 3^ if r > 3^ 

Evaluating the above inequality at 6£' shows that if ([70|) holds for arbitrarily large 

Ck > 0, then A(6S') = Area. v * gk (OgJ, 9fe (Ci.fe)) is also arbitrarily large. This con- 
tradicts our assumption that the areas of the Sk are uniformly bounded. This 
contradiction shows that (|67l) must hold, which in turn completes the proof of 
Proposition 13.131 

□ 
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